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aUiMMARY 


a  result  of  reversal  of  slip  caused  by  eyelio  loading.  The  s-N  equ^ 
tlon  is  derived  by  using  an  exponential  equation  for  crack  growth  and 

i  !. 

assttsditg  that  failure  will  occur  “when  tj^e  craok  reaeheb  an  arbitrary 
depth.  The  effect  of  stress  amplitude  is  introduced  by  using  the  term 
for  Inelastic  strain  from  the  Ramberg-Osgood  empirical  equation  for  the 
stress-strain  curve.  The  resulting  expressions  agree  with  experimental 
data  and  afford  a  means  of  Interpreting  most  of  the  known  fatigue 
phenomena.  They  are  also  used  to  derive  a  new  method  of  predicting  the 
effects  of  loading  of  variable  amplitude  and  to  analyse  the  effects  of  ' 
a  mean  stress  other  than  sero.  The  effects  of  notches  are  discussed 
In  terms  of  stress-concentration  factors. Ikpt her  subjects  treated  include 
torsion,  combined  loadings,  brittle  fractun^,  ultimate  tensile  stress, 
temperature  effects,  surface  effects,  and  corrosion  fatigue.  Recom- 
Bcsndatlons  for  research  are  given  in  Part  7.  Application  of  the  theory 
to  desigpi  and  stress-analysis  will  be  covered  in  a  separate  paper. 
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PART  1  -  DEVELOWKNT  OF  IDEAS 


The  failure  of  mctuls  under  repeated  i;tret:ues  of  relatively  low 
magnitude  has  long  been  a  serious  problem  for  engineers  and  has  been  the 
subject  of  Intensive  experimental  and  theoretical  investigation.  It  Is 
therefore  unnecessary  to  give  an  extensive  description  of  the  phenomenon.  , 
Thbse  not  familiar  with  the  subject  will  find  an  excellent  summary  of  its 

various  aspects  in  the  recently  iniblished  book  "Fatigue  and  Fracture  of 

» 

Metals"  (1952)  edited  by.  william  Murray  (Ref.  1),  Another  valuable  source 
of  information  is  the  book  "Prevention  of  the  Failure  of  Metals  Under 
Repeated  stress"  (1941)  by  the  Battelle  Memorial  Institute  (Ref.  2). 
Freudenthal  (Ref.  3)  has  presented  an  analysis  of  fatigue  (pp.  380  to 
387)  and  many  excellent  suggestions  on  fatigue  testing  (pp.  56O  to  573). 

One  of  tbe  best  references,  from  the  engineering  point  of  view  is 
Tlmoshinko's  "Strength  of  Materials"  Vol.  II,  2nd  Edition  (Ref.  4). 

The  author '  a  own  experiences  with  fatigue  vdU  be  outlined  briefly, 
because  they  i^agred  a  part  in  the  developaent  of  the  theory  which  is  pro¬ 
posed  in  this  paper}  they  will  also  serve  as  a  brief  review  of  the  problea 
as  it  affects  aircraft  design.  The  first  contacts  with  fatigue  were  made 
while  the  author  was  employed  by  the  Bureau  of  Air  Commerce  (now  the  Civil 
Aeronautics  Administration)  during  the  years  1930  to  1937.  The  failure  of 
propeller  blades  and  engine  parts  which  had  been  in  service  for  a  relatively 
large  number  of  hours  became  a  serious  problem.  This  led  to  more  thorough 
inspection  procedures  and  the  removal  of  service  nicks  and  scratches  from 
propeller  blades.  (See  pp.  2  and  3  of  Ref.  2),  Engine  failures  were 
reduced  by  more  careful  design  and  by  the  accumulation  of  experience. 


References  are  listed  on  page  87. 
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While  engaged  in  the  revision  of  the  airMorthiness  requirements 
(about  1932),  the  author  encountered  the  gust  loading  problem  and  began 
to  see  possibility  of  fatigue  of  metal  aircraft  structures.  The  present 
status  of  this  problem  has  been  excellently  reviewed  by  Dryden,  Rhode,  and 
Kuhn,  in  Paper  No.  2,  pp.  Id  to  51,  of  Ref.  1.  Fortunately,  from  the 
fatigue  standpoint,  the  aluminum  alloys  in  use  at  that  time  were  not  very 
"strong”:  they  operated  at  relatively  low  stress  levels  and  their  duct¬ 
ility  tended  to  alleviate  stress  concentrations.  Consequently  no  serious 
fatigue  problems  arose  in  the  primary  structure. 

During  the  years  193R  to  1947  the  author  was  in  charge  of  structural 
analysis  and  research  at  the  Lockheed  Aircraft  Corporation.  By  this  time 
higher-strength  alloys  were  being  used  (24S-T4  and  14S-T6).  At  the  present 
time  (1952)  these  have  been  replaced  to  a  considerable  extent  by  the  alloy 
75S-T6.  Recognizing  the  increasing  probability  of  fatigue  failures,  the 
Lockheed  Corporation  authorized  an  extensive  research  program  in  idiich 
fatigue  data  were  determined  and  ilill-scale  parts  were  tested  under  condi¬ 
tions  simulating  actual  service.  One  of  the  papers  resulting  from  this  work 
is  listed  as  Ref.  5.  Other  lai^e  aircraft  eoq>anies  also  developed  similar 
programs  and  pooled  their  information  through  technical  cosnittees.  As  a 
result,  much  valuable  information  became  available  to  aircraft  deslsners. 

One  of  the  significant  things  U:at  happened  during  this  period  was  the 
application  of  failure-detection  wires  to  fatigue  specimens.  This  tech¬ 
nique  had  originally  been  developed  by  the  Lockheed  Research  laboratory 
in  order  to  determine  the  manner  of  failure  of  a  large  wing  Joint  during 


a  static  test.  Mr  Henry  Foster  applied  the  Idea  to  I'atlgue  specimens 
(Kef.  6)  by  cementing  a  fine  wire  across  the  specimen  where  it  was  ex¬ 
pected  to  break.  The  wire  was  Incorporated  in  a  relay  circuit  which 
would  stop  the  fatigue  machine  when  the  wire  failed.  It  was  found  that 
the  machines  were  stopping  considerably  before  a  crack  could  be  observed 
in  the  specimen  with  the  naked  eye.  Microscopic  examination,  however, 
usually  disclosed  a  very  fine  crack  at  the  point  where  the  wire  broke. 
(Mr.  Foster's  paper  contains  other  valuable  information  and  should  be 
read  by  eveiryone'  intsHsled  In  preventing  fatigue  “failurtt.r  ** 

This  idea  has  so  far  sssaid  to  have  received  little  praotieal  ap¬ 
plication,  but  it  could  well  be  mads  the  basis  for  detecting  incipient 
failures  of  important  struetural  parts  in  service.  Perhaps  the  most  im¬ 
portant  result  of  this  worhf  M  *ar  at  its  influence  on  the  author  is 
concerned,  was  the  evidence  thia  fatigue  eracks  actually  formed  long  be¬ 
fore  they  oottld  be  deteotsd  by  ordlaary  msans  of  observations 

The  next  clue  omse  while  the  author  was  preparing  a  paper  for  the 
RAND  Corporation  (March  1949)  which  later  became  Chapter  16  of  Ref.  ?• 
The  following  is  quoted  frc»i  the  book,  p.  295* 

"One  more  point  is  of  interest  in  connection  with  the 
mechanism  of  plastic  strain.  In  almost  every  textbook  or 
paper  dealing  with  plastic  strain  there  appears  a  diagram, 
similar  to  Fig.  1,  illustrating  the  physical  action  involved 
in  slip.  (Photographs  of  actual  specimens  confirm  this.  See 
Ref.  9*.)  It  can  be  seen  that  certain  elements  of  the  material, 
which  were  originally  transmitting  tension,  are  now  unloaded. 
Therefore,  they  must  have  been  broken  away  from  their  partners 


Reference  31  of  this  paper 
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by  a  true  tension  failure.  The  actual  local  stresses  de¬ 
veloped  during  this  action  could  be  quite  high;  perhaps  they 
would  approach  the  true  cohesive  strength  of  the  material." 


On  page  296  ot  Ref.  7  the  foUetdAg  etetwent  eei  nadei 

"The  idea  that  cohesive  failures  may  take  place  in  the 
surface,  at  very  low  strains,  seems  to  have  some  bearing  on 
the  subject  of  fatigue  failure.  It  would  seem  that  fatigue 
cracks  are  basically  of  the  same  type  as  the  cleavage  failures 
produced  under  conditions  of  low  temperature,  rapid  loading, 
or  low  shear  stress  (or  of  combinations  of  these) •  Both 
phenomena  appear  to  be  forms  of  instability,,  the  only  dif- 
ference  being  in  the  rate  of  propagation.  "  (The  second 
sentence  is  now  believed  to  be  wrongi  see  p.  65.) 


The  footnote  which  also  appears  on  this  page  was  added  in  1949  while 
the  original  paper  was  being  editt^d  Xor  inclusion  in  the  book.  It  reads: 

"  ^his  idea  has  since  boeii  further  investigated  by  the 
author.  It  can  be  imagined  that  a  crack  would  be  initiated 
by  repeated  loading  in  which  a  shear  plane  underwent  a  re¬ 
versal  of  position  upon  each  reversal  of  load.  The  basic 
assumption  involved  is  simply  that  each  atom,  or  element, 
becomes  "inactive"  after  onie  being  broken  away  from  its 
previous  partner  during  slip.  On  being  forced  back  to  its 
original  position,  it  causes  another  element  to  become  in¬ 
active.  This  action,  repeated  many  times,  would  cause  a 
crack  that  could  eventually  cause  failure.  Experimental 
investigation  of  this  hypothesis  is  now  (1952)  under  way." 

The  idea  referred  to  here  can  be  illustrated  by  a  highly  simplified 
model  consisting  of  an  orderly  array  of  atoms  as  shown  in  Fig.  2. 


Fig.  2  Fomation  of  a  Crack  During  Repeated  Loading. 
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It  may  be  Imagined  that  when  a  tenaile  etreau  in  u^^plied  alip  occurs  along 

V 

the  plane  of  maximum  shear  stress  (45  degrees) .  For  simplicity  assume 
that  only  one  atom  slips  out  on  the  first  application  of  load  as  shown 
in  (a).  This  atom  (No.  1)  becomes  ''unbonded,"  in  the  sense  that  it  no 
longer  transmits  a  tensile  stress  directly  to  its  previous  partner.  (This 
is  indicated  by  a  hollow  circle.)  Now  assume  that  the  loading  is  re¬ 
versed  and  that  slip  again  occurs,  causing  the  unbonded  atom  to  return  to 
its  previous  position  (Fig.  2  b) .  Having  once  bean  broken  away  from  its 
original  partner,  it  is  possible  that  it  will  not  eoKj^etely  regain  its  bond: 
the  atom  above  it  (No.  2)  is  therefore  shown  as  unbonded.  In  Fig.  2c 
the  tensile  force  is  again  applied  and  slip  is  again  assumed  to  move  the 
lower  set  of  atoms  to  the  right.  Atom  No.  2,  having  become  unbonded, 
will  now  cause  No.  3f  below  it,  to  become  unbonded  also.  In  Fig.  2d  the 
process  is  carried  one  more  step,  causing  a  crack  of  two  atoms  width, 
along  the  plane  of  slip.  It  is  instructive  to  make  a. model  of  this  type 
by  cutting  a  piece  of  paper  along  the  line  and  sliding  it  back  and 
forth.  After  a  number  of  reversals  the  unbonded  atoms,  together  with 
those  which  drop  out  of  the  line  of  force  ^ransaiseion,  will  form  «  natoh-> 
like  region.  The  stress  concentration  effects  can  also  be  visualized  in 
terms  of  the  number  of  bond  lines,  which  must  be  carried  around  the  end 
of  the  crack. 

This  elementary  model  (Flg..2}  deaonstMtee  how  a  ermek  «ay^fmrm  and 
grow  progressively  with  alternating  loading,  without  any  change  in  the 
length  of  the  specimen.  The  sketches  also  indicate  roughly,  by  aaaaa 
of  lines  drawn  between  atoms,  how  the  atoms  near  the  end  of  the  crack 
become  overstressed  as  the  crack  deepens.  This  stress  concentration 

will  obviottaly  be  a  function  of  crack  depth.  It  should  also  be  noted  that  the 
"free  surface"  essential  to  this  theory,  may  occur  within  the  speclfflen  if  there 
is  a  discontinuity  (flaw)  in  the  material. 


The  extent  ol'  the  slip  Vihlch  occurs  on  application  of  the  load  Is  a 
function  of  the  shear  atress  acting  across  the  slip  plane*  The  ahear 
stress  is  in  turn  a  function  of  the  tensile  stress.  (For  the  case  shown 
it  would  equal  one^^ialf  the  tensile  stress.)  Hence  the  number  of  atoms 
over  which  the  slip  occurs  during  each  reversal  of  load  will  depend  on 
the  magnitude  of  the  applied  stress.  It  is  not  necessary  to  assume  that 
all  of  these  atoms  become  unbonded  in  the  manner  previously  described, 
but  it  would  seem  logical  to  assxime  that  a  certain  fraction  of  the  atoms 
which  are  broken  away  do  not  regain  their  bond  when  they  are  returned  to 
their  previous  positions.  It  might  also  be  expected  that  the  unbonding 
tendency  would  be  affected  by  the  value  of  the  mean  stress,  chemical 
effects  from  the  surrounding  media,  ,  etc.  These  ideas  will  be  discussed 
later. 

The  action  Just  described  appears  to  be  the  key  to  an  explanation 
of  fatigue  failure,  iiuch  action  could  result  in  fatigue  of  a  perfect 
crystal,  but  most  engineering  materials  are  actually  composed  of  many 
small  crystals  having  random  orientation  of  slip  planes.  For  such  materials 
it  can  be. assumed  that  a  fairly  large  fraction  of  the  surface  crystals  will 
be  oriented  In  such  a  way  that  the  plane  of  maximum  shear  etress  coincides 
with  the  weakest  slip  plane  of  the  crystal.  The  other  crystals,  being 
differently  oriented,  will  not  exhibit  the  same  degree  of  slip;  some  of 
them  may  be  located  so  that  their  action,  under  the  stresses  applied,  will 
be  virtually  elastic.  It  is  therefore  highly  probable  that  the  crystals 
in  which  the  most  slip  occurs  will  be  surrounded  by  an  aggregate  of  crystals 
whose  overall  behavior  may  be  described  as  partially  elastic.  This 
situation  is  now  generally  accepted  and  is  the  basis  for  the  Orowan  theory 
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of  fatigue  (Kef.  8).  which  will  be  diaeus^ed  in  Fart  6.  The  crack-forming 

t 

mechanism  shown  in  Fig.  2  must  therefore  be  considered  as  acting  in  con¬ 
junction  with  residual  stresses,  for  all  polycrystalline  materials.  This 
is  not  u  necessary  part  of  the  theory,  for  completely  reversed  loading, 
but  it  appears  to  explain  why  fatigue  cracks  can  be  formed  under  a 
eyellc  loading  in  which  the  stress  cycle  remains  entirely  in  tension. 

This  will  be  further  discussed  in  Part  4. 

The  theory  had  been  developed  to  this  point  in  the  spring  of  1952, 
when  the  RAND  book  (Ref.  7)  was  being  prepared  for  publication.  The  next 
step  which  was  planned  involved  a  series  of  fatigue  tests,  (to  be  made  at 
the  University  of  California)  in  which  replicas  of  the  specimen  surface 
would  be  made  at  various  intervals  during  the  test,  with  the  specimen  under 
static  tension.  After  a  crack  had  been  .loeatad,  the  replicas  would  be  - 
examined  under  the  electron  microscope.  It  was  thought  that  by  this  method 
the  crack  might  be  traced  back  to  the  early  stages  of  loading,  thus  tending 
to  dispel  the  idea,  commonly  held,  that  the  crack  does  not  begin  to  form 
until  after  a  certain  number  of  loading  cycles  have  been  applied. 

This  investigation  has  not  been  completed,  but  a  recent  (1952)  pre¬ 
print  of  an  A.U.T.M.  paper  by  Craig  (Ref.  9)  gives  the  results  of  some 
electron  microscope  studies  of  the  development  of  fatigue  failures.  The 
following  quotation  (from  p.  9)  is  of  interest: 

"While  the  resolving  power  of  even  the  electron  micro¬ 
scope  is  not  sufficient  to  determine  the  exact  course  of  crack 
Initiation,  there  is  good  evidence  in  the  materials  excimined 
that  the  Initial  cracks  seem  to  grow  from  local  deformed  or 
fragmented  paths  that  follow  the  general  direction  of  slip 
bands  on  the  surface," 


This  do««  not  proTO  that  th«  eraeka  start  from  the  vary  bafiimlng, 
hut  it  dooa  abow  that  tha  eraoka  aro  aaaaaiaitad  with  aUp.  (8aa 

also  Ref.  lO,  pp.  53  and  54).  It  should  be  noted  that  the  type  of  crack 
which  would  be  developed  by  the  laechanlsm  Illustrated  In  Fig.  2  would 
probably  not  be  visible  in  the  early  jtiigea,  even  under  the  electron 
microscopei  because  failure  to  bond  would  not  in  itself  cause  the  crack 
to  remain  open  after  the  load  had  been  removed.  In  fact,  any  residual 
compressive  stress  would  tend  to  force  the  surfaces  of  the  "crack"  to*- 
gather,  even  under  Kero  external  loading.  One  could  expect  to  see  the 
crack  only  after  fragmentation  or  excessive  local  defortnation  had  occurred, 
which  is  exactly  what  the  photographs  of  the  Craig  paper  indicate.  It 
would  appear  also  that  fragmentation  would  tend  to  result  from  unbondlng 
and. would  have  to  be  preceeded  by  a  "crack"  which  would  be  invisible. 

The  final  step  in  the  development  of  a  theory  for  fatigue  was  pre¬ 
cipitated  by  the  publication  of  a  paper  (T.N.  2787)  by  the  National 

Advisory  Committee  for  Aeronautics  (Ref.  11).  The  authors.,  Hardrath  and 

* 

Utley,  reported  the  results  of  an  experimental  investigation  designed  to 
test  Miner’s  theory  (Ref.  12)  for  repeated  stresses  of  varying  amplitude. 
They  found  that  the  theory  gave  good  results  for  a  sinusoidal  type  of 
loading,  but  appeared  to  overestimate  the  fatigue  life  for  a  loading  oydle 
of  an  exponential  nature.  These  results  indicate  that  higher  stresses 
should  have  been  given  greater  weight  in  the  integration  process. 

Because  of  the  importance  of  this  problem  in  aircraft  design,  the 
author  decided  to  attempt  a  mathematical  formulation  of  the  crack-growth 
theory  previously  described,  to  be  used  as  a  basis  for  developing  an 
improved  theory  for  repeated  loading  of  varying  amplitude.  By  defining 
e  . . . 

See  Appendix  1  of  Supplement  to  P-350. 


fatigue  as  the  devcloixnent  of  a  crc.ck  of  con;jtant  depth  and  by  uelng  the 

well^cnovm  Ramber£*Osgood ,  empirical  expression  for  inelastic  strain 

an  equation  for  the  s-N  di^grani  was  obtained,  for  cyclic  stresses  of  oon« 

stant  amplitude.  This  had  the  typical  form  that  has  long  been  accepted 

as  an  empirical  method  for  representing  test  results.  A  new  method  of 

* 

predicting  behavior  under  stresses  of  varying  amplitudes  was  then  obtained. 
This  showed  an  improvement  over  Minor's  ^method.  The  derivation  of  these 
equations  will  now  be  outlined,  after  which  the  theory  will  be  applied  to 
other  aspects  of  the  fatigue  problem. 


PART  2  -  DERIVATION  OF  FATIfflJE  EQUATIOMS 
FOR  REVERSED  LQADINQ  07 

■"Son 


In  Part  1  it  was  shown  how  a  crack  could  be  caused  by  failure  of  some 
of  the  atoms  to  bond  after  thqr  had  once  been  moved  to  the  surface  of  the 
material  by  slip  caused  by  shear  stresses.  It  was  also  indicated  that  the 
rate  of  crack  growth  would  tend  to  increase  with  increasing  crack  depth. 
The  latter  tendency  suggested  a  relationship  of  exponential  form,  such  as 

on 

h  -  A  e 

where  h  >  crack  depth 
A  "  a  constant 

a  -  a  factor  depndingon  the  stress  amplitude 
n  -  number  of  cycles  of  reversed  loading. 

To  indicate  the  physical  nature  of  the  problem,  a  hypothetical  curve 

» 

of  crack  depth  versus  cycles  of  repeated  loading  is  shown  in  Fig.  3* 


I 
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Fig.  3  Diagrammatic  Representation 
of  Crack  Growth 


CD 


If  It  is  assuBied  that  the  crack  (or  unbondlng)  starts  trm  the  beginning, 
the  rate  of  growth  must  be  very  slow  during  a  large  portion  of  the  loading 
history.  For  example,  assume  that  the  part  breaks  when  the  crack  depth 
reaches  one>half  inch  and  that  this  occurs  after  10-milllon  reversals. 

The  distance  by  which  the  crack  deepens  on  each  reversal  of  loading  is 
obviously  of  extremely  small  magnitude. 

It  is  known,  however,  that  the  rate  of  crack  growth  Just  prior  to 
failure  is  relatively  rapid.  (See  Appendix  27,  Ref.  2;  also  Ref.  13.) 
Wilson  and  Burke  (Ref.  14)  have  made  careful  measurements  which  show  that 
a  crack  growth  of  0.6  inch  will  be  produced  by  about  30,000  cycles  of 
reversed  loading,  once  the  crack  has  been  started. 

An  important  lesson  may  be  learned  by  attempting  to  plot  these 
results  on  the  last  portion  of  the  growth  curve  of  Fig.  3*  It  is  quite 
obvious  that  the  line  would  appear  to  be  vertical.  The  fact  that  the 
growth  curves  obtained  in  Ref.  14  appeared  to  be  linear  is  of  course  con¬ 
sistent  with  the  fact  that  they  represent  only  a  very  small  se^nent  of  the 
entire  curve.  This  shows  that  the  function  Involved  must  be  of  a  type 
which  will  exhibit  a  very  slow  growth  for  a  long  period,  followed  by  a 
relatively  rapid  rate  of  growth.  An  exponential  growth  law  satisfies 


this  condition. 
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n 

max 

Fig.  L  Dimensionless  Plot  of  lo" 

To  Illustrate  this  graphically  the  values  of  lo"  have  been  plotted  non- 
dimenslonally  in  Fig.  4«  using  three  diffejrent  maximum  values  for  n.  It 
can  be  seen  that  the  abruptness  of  the  curve  depends  on  the  maximvmi  value 
of  the  exponent  used.* 

Another  thing  revealed  by  this  reasoning  is  that  the  particular  type 
of  fVinetion  used  is  not  of  great  importance,  so  far  as  deteraining  the 
final  depth  of  the  crack  is  concerned.  Any  function  which  could  be  fitted 
to  experimental  crack  growth  data  would  give  about  the  same  results,  after 
integration. 

The  steepness  of  the  crack  growth  curve  Just  prior  to  failure  led  to 
the  idea  that  a  fatigue  failure  criterion  might  be  taken  to  be  the 
8>wt  o£  crack  of  arbitrary  depth.  Since  the  crack  depth  curve  must  be 

^he  term  n  In  Fig.  4  corresponds  to  the  term  on  in  Eq.  1. 


-15- 

Rev.  5-1-53 


practically  vertical  for  a  considerable  number  of  cycles  preceding  failure, 
the  particular  value  chosen  to  represent  failure  will  have  virtually  no 
effect  on  the  accuracy  of  prediction  of  the  fatigue  life,  at  least  at  low 
stress  levels. 

The  physical  significance  of  the  term  A.  In  Eq.  (1)  is  found  by  setting 
n  equal  to  zero,  which  gives  h  ■  A.  The  term  A  therefore  represents  the 
Initial  depth  of  crack,  while  the  exponential  part  of  the  equation  may  be 
thought  of  as  a  multiplier  which  shows  how  A  grows  during  repetition  of 
the  stress  cycle.  In  the  first  derivation  of  the  fatigue  equation  A  will 
be  considered  to  be  a  constant.  This  assumption  will  later  be  modified  in 
order  to  obtain  more  accurate  expressions  for  rate  of  growth. 

The  tem  a  represents  the  initial  rate  of  growth  and  must  therefore 
be  governed  by  the  number  of  at<»s  that  become  unbonded  during  each  stress 
cycle,  at  the  vezy  early  stage  of  crack  growth.  This  was  assumed  to  depend 
on  the  value  of  the  maximum  shear  stress,  which  for  axial  loading  or  bending  is 
equal  to  one-half  the  axial  stress.  For  such  loadings,  therefore,  a  may  be 
considered  to  be  a  function  of  the  maximum  tensile  and  compressive  stresses 
(assuming  complete  stress  reversal).  For  combined  loadings  the  maximum 
shear  stress,  or  some  related  stress,  would  be  used  directly. 

The  amount  of  slip  which  occurs  during  a  simple  tension  test  may  be 
accurately  r^resented  by  the  emidrloal  tem  for  inelastic  strain  in  the 
Hscfcerg  'Qsgocd  cqicaticn  <RCf.  l$)i 

’'^This  interpretation  nay  appear  to  be  inconsistent,  since  n  would  be  unity  for 
a  single  cycle.  However.  It  may  be  reasoned  that  n  actually  represents  the 
number  of  reversals  which  occur  after  the  first  loading  has  been  applied. 

^s  would  amount  to  replacing  n  by  n-1  in  all  equations  for  crack  depth. 


from  which  Cp  ■  C 

where  C  ■  a  constant 

8  ■  the  tensile  stress  *  P/A 

X  ■  an  exponent  determined  bjr  curve- fitting^ 
gp  •  plastic  (inelastic)  strain. 

It  appears  logical  to  assume  that  the  sane  fora  of  relationship  would 
govern  the  degree  of  slip  in  the  microscopic  regions  involved  in  fatigue, 
since  the  inelastic  strain  measured  in  a  tension  test  is  actually  the 
integrated  result  of  the  individual  slips  which  occur  throu^out  the 
specimen*  Equation  (2)  will  therefore  be  substituted  for  the  term  a,  with 
the  following  understanding: 

1.  The  stress  s  actually  represents  the  average  or  effective  value 
of  the  shear  stress  which  controls  the  degree  of  Inelastic 
strain  reversal. 

2.  Stress  concentration  effects  may.  cause  the  slip  in  the  critical 
region  to  exceed  ^e  inelastic  strain  experienced  by  the  bulk 
of  the  Miterlal  (this  Is  further  Investigated  in  Part  5)* 

3.  The  number  of  atoms  permanmtly  uabonded  daring  a  reversal  mill 
not  necessarily  be  the  total  number  unbonded  in  the  slip  pro¬ 
cess.  The  ratio  of  permanently  unbonded  atoms  to  the  total  in¬ 
volved  in  slip  mill  be  assumed  to  be  constant  for  the  present. 

For  a  speeisMn  having  no  largo  stress  ooneentratlmi  effeete  all  of 
these  items  may  be  taken  care  of  by  adjusting  the  value  of  C,  which  mi^r^ 

In  Ref.  15  the  tera  n  is  used  instead  of  x.  The  change  was  made  here 
to  avoid  confusion  with  the  use  of  n  for  number  of  cycles. 
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th«rtfor«  haY«  a  dlffarant  Yolua  froB  that  obtoinad  In  tanalon  taata* 
Substitution  of  ths  valus  of  a  trm  Eq.  (ai)  glvss  ths  foUonlng 
sxprssalon  for  Eq.  (1),  with  h^  rsprsssnting  sobs  arbltrarj  constant  ralus 
of  crack  depth t 

C  s*  » 

h^  -  A  s  .  (3) 

(NotS!  n  has  bssn  changed  to  N,  which  dsnotss  fatigue  life. ) 

Taking  ths  natural  logarithm  of  both  sides  giYSS 

in  h^  -  in  A  ♦  C  s^  N  (a) 

o 

ih  h  ->  in  A 

tram  which  a*  N  -  - 2- -  .  (b) 

Ths  right-hand  tern  nay  be  replaced  by  a  constant  >  B,  glYing 

s*  M  -  B  .  (c) 

FroB  this  the  equation  for  the  e-  N  diagram  can  be  written  in  either 
of  two  familiar  forms 

(4a) 

(4b) 

By  taking  the  conBon  logarithii  of  both  sides  of  Eq.  (gb)  one  obtains 

log  8  ■  log  B*  -  ~  log  N  (4o) 


tdiere 


B' 


B’ 


1/x 


-18- 

Rev,  5-1-53 


Thie  gives  a  strai|^t-llna  equation  when  N  and  s  are  plotted  wi 
lo|^>log  graph  paper. 


Fla.  5  Logarlthede  not  of  s->M  Equation 


It  has  long  been  known  that  a  lo^log  plot  of  test  data  for  eoeipletely 
reversed  repeated  loading  can  be  fitted  bgr  stral^t  lines,  well  within  the 
scatter  of  the  data.  For  example,  Peterson  (Paper  No.  4  of  Ref.  1}  shows 
a  collection  of  fatigue  data  plotted  on  a  log->log  basis  (fTcn  Welsnan  and 
Kaplan).  The  mean  values,  as  well  as  the  scatter  band  for  the  test  results, 
are  shown  to  correspond  to  the  straight-line  relationships. 

To  Illustrate  more  clearly  the  significance  of  Eq.  (4),  the  data  Aram 
NACA  IN  2798  (Ref.  11}  are  plotted  in  Pig.  6,  as  presented  In  the  original 
paper.  This  diagram  Is  a  smsl-loa  plot,  the  log  scale  being  used  only  for 
N.  This  type  of  plotting  has  become  custamary,  probably  because  it  is  con¬ 
venient  to  condense  the  N  scale,  but  Inconvenient  to  read  stress  Aram  a 


le  ultimat 


—  Present  tests 

—  ANC-5 

^  Three  specimens  did 


Tensile  yield 


Maximum 
stress,  s 


(1000  pal) 


Number  of  cyclee  to'  failure,  N 

Fla,  6  a-N  Curves  for  Tests  of  24S-T4  Rotatlngr 
Beam  Specimens  (From  NACA  TN-279B) 


logarithmic  scale.  The  mean  values  (Indicated  by  triangles  on  Fig.  6) 
are  replotted  on  a  loe  .ale  In  Fig.  7*  In  order  to  emphasise  that 


b'  -  163,300  pel 
B  -  7.82  X  10^3 

cycles 

X  -  8.42 


Fig.  7  Log-iog  Plot  of  Fig.  6 
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th«  Mtual  valuta  art  baing  plottad*  but  rathar  thalr  logarithaa, 
tha  aealaa  ara  ahown  in  tarns  of  logo.  Tha  actual  valuta  of  atrass  art 
Indleatad  bj  an  auxiliary  seala,  which  is  non-linaar. 

It  is  avidmt  that  on  tha  log>log  plot  a  strai^t  lint  givas  an  almost 
parfact  fit  for  tha  points  raprasanting  tha  avaragas  of  fk^  10  to  20 
spacimans  at  each  laval  (101  spaciaans  in  all).  Tha  alopa(-l/x)  givas  a 
valua  of  X  *  6,UL  A  tandancy  for  tha  eurva  to  flattan  out  at  hlj^  valuta 
of  N  may  be  observed.  This  indicates  a  tendency  toward  an  "endurance  limit" 
(to  be  discussed  later).  It  will  be  apparent,  howavar.  that  any  attmapt  at 
accurate  curve-fitting  in  this  region  is  virtually  meaningless,  in  view  of 
the  large  scatter  of  the  data  (over  one  million  cycles  variation  in  about 
seven  million).  This  scatter  must  be  expected  because  of  the  nature  of  the 
phenomenon  and  it  has  an  important  bearing  on  design  for  fatigue. 

While  tha  log-log  plot  is  usafbl  in  checking  theories  such  as  repre- 
santad  by  Eq«  (4)*  it  does  not  convey  a  proper  sense  of  proportion  to  tha 
obaarver.  It  is  vmfortunate  that  fatigue  data  ara  so  seldom  plotted  on 
ordinary  (Cartesian)  graph  paper.  The  use  of  a  somi-log  plot  is  particularly 
unfortunate,  because  it  serves  no  useful  purpose  other  than  condensing  the 
N-scala;  one  might  as  well  Itoablnto  a  distortion  mirror  so  far  as  obtaining 
a  true  picture  is  eoncamadi 

Figure  B  shows  the  data  of  Figs.  5  and  6  plotted  on  a  linear  basis, 
using  a  scale  covering  100.000.000  <yclas.  Evan  this  range  does  not 
include  tha  last  two  points  on  Fig.  6.  A  strikingly  diffarant  picture 
is  obtained.  Tha  allowable  stfass  for  a  given  lifetime  drops  vary  rapidly 
as  the  required  number  of  cycles  is  increased  Arom  one  to  about  one  million. 
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Fran  one  million  to  ten  million  the  drop  is  more  gradual,  while  at  valuee 
of  N  beyond  ten  million  the  streae  decreaeee  et^«. very  low  ratik. 

A  curve  obtained  Stem  Eq.  (4)  has  been  plotted  on  this  figure.  Valuee 
of  B  and  x.were  determined  so  ae  to  produce  a  good  fit  In  the  early  part 
of  the  curve  (B  ■  x  10^^;  x  •  8,42).  The  ability  of  Eq.  (4)  to  fit 
the  test  data  is  obviously  equal  to,  if  not  better  than,  that  obtained  from 
the  accepted  formulas  for  other  types  of  failure  (modulus  of  rupture  in 
bending,  column  failure,  etc.). 

The  extreme  scatter  of  the  test  data  at  large  values  of  N  Is  now  seen 
to  constitute  a  relatively  narrow  scatter  band,  ^  far  as  the  values  of 
stress  are  concerned.  On  the  other  hand,  the  scatter  in  terms  of  N  is  so 
great  that  any  attempt  to  predict  the  lifetime  at  low  values  of  stress 
appears  to  be  virtually  meaningless.  (The  importance  of  this  observation 
in  connection  with  design  for  fatigue  is  discussed  th  the  Supplement.) 

It  is  interesting  to  note  that  the  exponent  x,  as  determined  from  the 
fatigue  curve  by  means  of  Eq.  (4)>  is  about  8,4.  The  value  determined  by 
the  Ramberg-Osgood  formula,  from  tension  and  compression  tests  of  the 
material,  was  approximately  25.  This  would  indicate  that  the  exponent 
tends  to  be  lower  in  reversed  loading  than  in  undlrectlonal  loading* 

(There  is  experimental  evidence  to  substantiate  this;  see  Fig.  294,  p.  460, 

Ref.  4v)  It  should  also  be  noted  that  the  fatigue  tests  were  conducted  in 
bending,  not  axial  loading.  If  it  could  be  shown  that  the  inelastic  strain 
exponent  for  reversed  loading  has  a  definite  relationship  to  that  obtained 
in  the  routine  tension  test,  it  would  provide  a  means  of  predicting  fatlgbs 
behavior  from  a  tension  test  alone.  (The  true  stress  at  ultimate  load 
would  be  used  to  determine  the  value  of  the  constant,  B,  as  explained  later. ) 

# 

Based  on  information  supplied  by  the  NACA. 


In  applying  the  basic  equation  for  crack  growth  to  the  case  of  variable 


etreee ' mpUtttde  (Part  3),  it  was  found  that  the  assumption  of  a  constant 
value  for  A  mi^t  need  to  be  improved.  Since  A  represents  the  isagnitude 
of  the  crack  depth  produced  on  the  first  loading  cycle,  it  would  be  logical 
to  assume  that  it  is  also  a  functim  of  the  applied  stress,  s.  If  A  is  now 
replaced  by  the  tern  A’  s^,  the  equation  will  become 

^  C  8*  N 

-  A»  8*  e  (5) 


where  A'  is  a  new  constant,  possibly  having  the  same  value  as  C. 

After  taking  the  natural  logarithm  of  both  sides  the  equation  is: 

/n  h^  ■  /n  A*  ♦  X  /n  8  ♦  C  s*  N  (a) 

o 


frmn  which 


or 


8^  N  • 


/nh^-AiA’-x/ns 

o 


0>) 

(6) 


This  equation  is  similar  to  Eq.  (4a)  except  that  the  constant  B  is 
replaced  by  a  tera  which  represents  a  decreasing  value  of  B  as  s  increases. 
This  means  that  in  Fig.  5  the  curves  for  different  values  of  s  would  not 
all  have  the  same  intercept  on  the  log  N  eixis.  In  view  of  the  fact  that 
the  experimental  data  can  be  fitted  quite  satisfactorily  by  Eq.  (4)»  there 
is  no  need  to  use  Eq.  (6)  for  this  purpose,  especially  since  it  requires 
the  determination  of  one  more  constant.  The  reason  for  including  this 
refinement  will  be  explained  in  Part  3* 
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It  is  well  known  that  for  sona  materials  there  appears  to  be  a 
stress  level  below  which  fatigue  failures  cannot  be  obtained.  This  value 
of  the  maximum  applied  stress  is  called  the  endurance  On  a  linear 

chart  (such  as  Fig.  7)  this  would  be  indicated  by  a  horizontal  lino  at  the 
endurance  limit  and  the  s>N  curve  would  be  asymptotic  to  this  line.  On 
a  log-log  chart  (Fig.  7)  the  transition  from  the  straight-line  portion  of 
the  curve  to  the  horizontal  portion  would  appear  to  be  more  abrupt.  This 
impression  is  of  course  the  result  of  the  distorted  scale  used. 

There  has  been  much  speculation  concerning  the  significance  of  the 
endurance  limit,  but  the  most  important  fact  is  that  there  JLs  jsuch.  a  limit 
for  some  materials,  at  least  so  far  as  can  be  determined  from  tests.  When 
this  is  true,  it  is  possible  to  design  a  part  so  that,  for  all  practical 
purposes,  it  will  never  fail  in  fatigue. 

For  many  materials,  such  as  aluminum  alloys,  there  appears  to  be  no 
well-defined  endurance  limit.  These  same  alloys  also  appear  to  have  no 
well-defined  proportional  limit*  On  the  other  hand,  materials  such  as 
low-carbon  steel,  which  do  have  ah  endurance  limit,  also  exhibit  a  well- 
defined  proportional  limit.  This  is  one  of  the  facts  that  has  led  many 
Investigators  to  suspect  that  fatigue  is  caused  by  the  inelastic  ("plastic") 
strain. 

There  are  several  ways  in  which  an  endurance  limit  can  be  interpreted, 
in  the  light  of  the  theory  Just  presented.  These  are  illustrated  in 
Fig.  9. 

*ftecent  information  from  Nr.  K.L.  Templin.  of  the  Aluminum  Research  Laboratories. 
Indicates  that  hij^h-strength  aluminum  alloys  do  have  a  proportional  limit  which 
is  as  well-defined  as  that  of  low  oarbon  steel. 

I 
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?  Different  Ways  of  Interpreting 
the  Endurance  Lialt 


Pis*  9(*}  shohre  the  type  of  Inelastic  behavior  assumed  In  deriving 
the  s-N  equations*  up  to  this  point*  Inelastic  strain  (shown  to  a  greatly 
enlarged  scale)  Is  assumed  to  occur  at  any  stress  greater  than  sero*  In 
FIs*  9(b)  an  elastic  limit  (s^)  is  assumed*  below  which  no  inelastic  strain 
occurs.  At  stresses  greater  than  s^  inelastic  strain  is  assumed  to  occur 
according  to  the  empirical  relationship  originally  assumed  (Eq*  2)*  It 
can  be  seen  that  the  Ramber^-Osgood  equation  (Ref.  15)*  which  corresponds 
to  Fig.  9(a)*  could  be  modified  to  correspond  to  fig,  9(b).  Since  the 
strains  given  by  the  equation  for  low  values  of  stress  are  very  small*  the 
modified  equation  could  no  doubt  be  fitted  to  the  experimental  stress- 
strain  curves  without  difficulty.  The  values  for  C  and  x  would  of  course 
have  to  be  altered.  It  should  be  noted  also  that  the  original  Ramberg-Osgood 


equation^  whlla  fitting  stress^straln  diagram  quite  well  for  strains  which 
can  be  measured,  does  not  prove  the  non-exlst«nee  of  an  elastid  limit.  Hence 
the  type  of  stress-strain  diagram  shown  In  Fig.  9(b)  must  be  considered  as 
a  possibility,  even  for  relatively  "soft"  materials.  Another  Interpretation 
might  be  that  inelastic  strain  at  very  low  values  of  stress  is  the  result 
of  unavoidable  flaws  or  weak  crystals,  having  a  statistical  distribution. 

The  existence  of  such  strains  would  then  appear  to  be  of  no  practical  sig¬ 
nificance.  The  assumption  of  an  elastic  limit  would  then  correspond  to  the 
common  engineering  practice  of  ignoring  the  branches  of  the  Gauss  frequency 
distribution  curve,  beyond  certain  limits. 

Figure  9(c)  represents  the  well-known  type  of  stress-strain  diagram 
In  which  no  observable  plastic  slip  occurs  up  to  some  particular  value  of 
stress,  at  which  a  very  rapid  slip* of  considerable  amount  takes  place. 

This  la  generally  considered  to  mean  that  the  metal  ccmtalns  bonds  which 
prevent  slip  entirely  up  to  a  certain  stress  and  then  suddenly  break. 

The  shape  of  such  curves  suggests  that  the  basic  curve  may  be  either  of 
type  (a)  or  type  (b)j  that  is,  without  the  special  bonding  elements  the 
curve  might  follow  the  dotted  line  of  Fig.  9(c). 

One  other  mechanism  must  be  considered:  " strain-hardening" .  (The 
author  quotes  this  tern  because  he  feels  It  is  often  misused,  as  explained 
on  page  26?  of  Ref.  4* )  Gensamer  has  given  an  excellent  description  of 
this  i^enamenon  (pp.  1  to  3  of  Ref.  1),  which  may  be  summed  up  by  quoting 
a  poirtion  of  his  description: 

"By  strain  hardening  we  mean  the  increase  in  the  elastic 
range,  produced  by  strain.  This  is  not  the  elevation  of  the 
elastic  limit  observed  in  monotonous  increase  in  strain,  most 


of  which  kind  of  strain  hardening  is  rerersibls,  as  was  so 
nicely  shown  by  Oalby  and  others  many  years  ago.  As  we  put 
the  metal  through  suocessiYe  cyclesf  the  elastic  range  grad¬ 
ually  increases  and  the  area  within  the  loop  gradually 
diminishes.  Figure  1,  from  the  work  of  Gough,  illustrates 
this  effect.  The  loop  area  meastures  the  work  of  plastic  d»- 
formation.  If  the  specimen  does  not  break  first,  it  strain- 
hardens  to  the  point  idiere  it  undergoes  purely  elastic  action; 
further  cycling  does  nothing.” 

Figure  1,  on  page  2  of  Ref.  1,  shows  the  results  of  experiments  in 
which  the  strain  was  completely  reversed  many  times.  The  loop  appears  to 
have  become  a  straight  line  at  about  400,000  cycles,  after  which  it  remains 
straight. 

For  materials  having  a  sharp  yield  point  (Fig.  9(e))  there  is  evidence 
that  the  elastic  portion  of  the  curve  breaks  down  in  the  early  stages  of  hi^ 
cyclic  loading  (see  Ref.  4,  p.  460).  This  results  in  a  stress-strain  loop 
which  would  correspond  to  the  dotted  line  portion  of  the  stress-strain 
diagram  in  Fig.  9(c). 

Regardless  of  the  exact  reason  for  the  apparent  Increase  in  the 
elastic  range,  it  can  be  seen  that  it  will  have  an  important  influence 
on  the  endurance  limit.  As  the  stress  cycle  is  repeated, l the  Inelawiis 
strain  dsdrsasss,  protidsd  that  the  stress  rsmains  within  sertain  limits. 

During  the  time  when  plastic  slip  is  still  occurring,  cracks  would 
probably  be  formed  as  previously  described.  These  cracks  would  affect 
only  a  very  small  amount  of  material,  since  they  remain  small  during  most 
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of  the  lifetime.  The  bulk  of  the  material  would  at  the  same  time  be 
undergoing  4  decrease  In  the  amount  of  Inelaeiia  etrain  cavafaal.; 

Since  the  magnitude  of  the  slip  experienced  by  any  crystal  Is  largely 
controlled  1;^  the  deforaatlon  of  the  entire  specimen,  such  slip  would  stop 
as  soon  as  the  specimen  became  eci^>letely  "elastic",  If  that  Is  possible. 

This  explanation  offers  one  more  method  hjrLwhieh  an  apparent  siastis 
range  may  be  established.  It  is  sufficient  to  state  that,  according  to 
the  theory  here  proposed,  fatigue  cannot  occur  when  the  action  is  purely 
elastic.  An  alternative  and  pei^iaps  better  way  to  state  this  is:  fatigue 
cannot  occur  In  the  absence  of  slip.  Although  there  seems  to  have  been 
relatively  little  experimental  Investigation  of  fatigue  of  brittle  (elastic) 
materials,  the  absence  of  any  evidence  to  the  contrary  seems  to  be  In 
accordance  with  the  above  statement.  (See  also  the  discussion  in  Part  6.) 

Since  It  Is  evident  that  there  are  various  ways  In  which  an  elastic 
range  may  Le  established  under  cyclic  loading,  the  effect  of  such  a  range 
on  the  shape  of  the  s-N  diagram  (Eq.  4)  will  now  be  Investigated. 

For  a  material  with  a  well-defined  yield  point,  as  shown  in  Fig.  9(o), 
the  effect  will  be  simply  to  cut  off  the  s-N  diagram  at  some  value  of 
stress,  giving  a  sharp  break  on  the  lo^log  plot  (Fig.  7).  The  break  would 
be  imperceptible  on  the  linear  plot  (Fig.  S).  The  value  at  which  this 
occurs  Is  known  to  be  considerably  less  than  the  yield  point,  which  can 
probably  be  attributed  to  stress-concentration  effects  at  the  surface. 

For  a  material  having  an  elastic  limit,  followed  by  gradual  slip,  as 
shown  In  Fig.  9(b),  Eq.  (4)  will  also  apply  If  the  tern  s  Is  replaced  by 
(s  -  Sg).  The  elastic  limit  used  here  will  actually  represent  the  endurance 
limit,  which  Includes  the  effect  of  stress  concentrations,  etc.: 
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(7a), 

(7b) 


Since  new  oonatante  C  and  x  must  be  used  in  the  modified  Ranberg- 
Osgood  equation,  the  value  of  B  will  also  be  different  from  that  of  Eq. (4)* 
Equation  (7)  will  plot  as  a  straight  line  on  log-log  paper  if  (s-s^)  is 
plotted  Inetead  of  s.  If  s  is  plotted,  the  curve  will  "sag"  and  will  becoae 
asjmptotic  to  s^o 

To  illustrate  the  shape  of  the  curve  obtained  from  Eq.  (7),  thia 
equation  has  been  plotted  on  a  log-log  basis  in  Pig.  10.  A  good  fit  to  the 
average  test  values  is  again  obtained,  including  the  points  at  large  values 
of  M.  It  therefore  appears  that  the  material  is  behaving  as  shown  in 
Pig.  9(b)  and  that  the  apparent'  smfcittobe  limit , iiyiftittb  K ,000  psi. 


log  s 


log  N 


Pig.  10  -  Effect  of  An  Elastic  Limit 
(Test  Data  from  NACA  Tll-279d) 
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PART  3.  EFFECT  OP  STRBSIS  OF  YARYIMG  AMPUTUDE 

! 

Th«r«  «r«  many  situations  in  which  the  designer  Is  faced  with  the 

'  If 

problan  of  repeated  loading  of  raiylng  amputee*  Two  general  types  of 
rarlation  may  be  eonsidereid.  The  one  of  most  Interest  to  airplane 
designers  Is  that  In  vdileh  a  certain  "spectrum”  of  stress  applications 
may  be  assumed  to  be  repeated  over  and  over  again*  The  nuaa>er  of  eyclee 
involved  in  the  spectrum  will  be  very  small*  relative  to  the  total  nimber 
to  failure. 

y 

The  second  type  of  loading  consists  of  a  large  number  of  repeated 

V 

loadings  of  constant  amplitude*  followed  by  another  loading  of  different 
amplitude*  this  second  loading  being  continued  until  failure  occurs* 

This  may  be  expanded  to  include  three  or  more  different  loadings*  but  the 
essential  difference  5.8  that  in  the  first  ease  the  spectrum  covers  only 
a  small  part  of  the  fatigue  life*  %diile  in  the  second  ease  fc?  single 
spectrum  covers  the  entire  life* 

The  situation  which  exists  in  the  "short-spectrum”  loading  is  shown 
in  Figo  Ua  for  etsapletely  reversed  (balanced)  loading. 


(a)  Short-Spectrum  (b)  Equivalent  Reduced  Stress 

Fla.  11  Variable  Stress  Amplitudes  Represented  by  a  Spectrum 
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In  actual  servlea,  the  epeotrum  would  have  a  random  distribution  of  stress 
amplitudes,  but  by  statistical  analysis  this  may  be  represented  by  an 
orderly  arrangement  such  as  shown  in  (a).  For  a  very  short  spectrum  the 
order  in  which  the  stresses  are  applied  will  (according  to  the  theory  to 
be  developed)  have  no  practical  significance.  There  is  some  speculation, 
however,  on  the  effects  of  a  random  distribution  of  stress  amplitudes  (see 
p,.  223),  ^The  method  of  analysis  which  follows  could  probably  be 
extended  to  such  cases  by  estimating  the  amount  of  unbonding  which  would 
occur  when  a  stress  cycle  of  any  given  amplitude  is  followed  by  one  of  a 
'  different  amplitude.)  The  problem  is  to  find  the  value  of  the  stress 

which,  applied  at  constant  amplitude,  will  produce  the  same  fatigue  life 
as  that  which  would  be  obtained  with  the  stresses  of  variable  amplitude. 
Figure  Ub  shows  this  diagrammatically.  The  stress  s.  will  be  called 

.  -  IM 

(Ref.  16).  He  considered  the  process  of  failure  to  be  divided  into  two 
parts,  the  formation  of  the  crack  and  the  growth  of  the  crack.  By  assumdxtg 
only  that  the  Amotion  relating  crack  growth  to  stress  is  the  sasw  at  any 
stress  level  he  developed  the  basic  |»rlneiple  Involved  in  attacking  this 
problem.  Briefly  stated,  this  consists  in  determining  the  fraction  of  the 
fatigue  life  utilised  at  any  given  stress  level  and  adding  these  fMctions. 

e 

Failure  is  assumed  to  occur  idien  the  sum  of  these  fractions  is  equal  to 
unity.  This  is  actually  a  special  application  of  the  interaction  curve 
method  now  widely  used  to  predict  failure  under  combined  loading  (see  pp.  341 
to  345  of  Ref.  17). 


■  ■ 


r 


•32- 


V 


Mlnar's  method  (Ref.  12}  eeeumes  in  effect  a  etral|fht-line  inter¬ 
action  cuinre  (actually  an  i-dlncneional  surface)  which  can  be  ex|»reeeed 
by  the  equations 


V 


-  1 


(8) 


vdiere 

n^  ■  cycles  at  stress  amplitude  s^ 

N.  ■  fatigue  life  at  constant  stress 
amplitude  s^ 

The  member  Is  expected  to  fall  when  the  suimsatlon  equals  unity.  If 
the  sum  Is  less.  It  Indicates  that  some  servlee  life  remains. 

In  Ref.  1.  Paper  No.  10.  N.N.  Newmark  has  presented  a  treatment  of 
this  subject  in  which,  without  actually  using  any  particular  theoiy  of 
fatigue,  he  has  covesred  almost  all  aspects  of  the  problem  In  a  general  way. 
Perhaps  the  most  important  feature  of  his  paper  is  the  introduction  of  non¬ 
linear  relationships  based  on  "damage"  and 'healing"  eurres.  These  tenas. 
which  hare  been  widely  used  In  fatigue  literature,  are  of  course  entirely 
general  and  serve  primarily  as  definitions  ef  the  aaknoim^  noit'  da  eq;)lanations. 

Most  of  the  methods  proposed  for  solving  this  problem  result  In  a 
prediction  regarding  the  fraction  of  fatigue  life  that  has  been  utilised. 

For  reasons  whloh  will  be  explained  later,  the  author  feels  that  this 
approach  Is  not  suitable  for  design  or  stress  analysis  purposes.  It  would 
be  more  satisfactory  to  bo  able  to  determine  the  stress  amplitude  at  which 
a  certain  fatigue  life  would  be  assured.  For  loading  of  variable  amplitude 
this  can  best  be  done  by  detemlnlng  a  reduced  stress,  as  already  described 
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And  as  illustrated  in  Pig,  11. 

In  Ref.  18,  Clinedinst  (1937)  derived  an  expreesion  for  the  reduced 
stress  based  on  the  general  fatigue  equation  (Eq.  4  of  this  paper) »  iihieh 
had  already  been  determined  experimentally.  The  expression  for  the  re¬ 
duced  stress  will  now  be  derived  by  using  the  oraek-growth  equations  from 
Part  2.  This  will  show  how  further  refinements  may  be  made  wtULoh  nAjj^ 
more  nearly  represent  the  conditions  that  exist  and  vdiieh  will  give  better 
agreement  with  test  results. 

The  method  used  will  be  essentially  the  same  as  that  outlined  by 
Nemnark  on  p.  210  of  his  paper  (Ref.  1)  except  that  the  objective  will  be 
to  determine  a  reduced  stress  instead  of  a  "cumulative  cycle  ratio". 

Consider  tw  curves  representing  the  growth  of  a  crack  at  two  different 
stress  levels,  as  shoirni  in  Fig.  12  (not  to  scale). 


Fig.  12  Crack  Growth  for  a  Stress  Spectrum  Consisting 
of  Two  Different  Am^tudes 
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It  will  be  eeeuMd  that  stress  s^  is  applied  for  eyeleef  after  udileh 
stress  ^^2  applied  for  cqreles.  The  number  of  ojroles  la  the  speetnai 
(dnj^  dn2)  is  assumed  to  be  very  small  in  comparison  with  the  fatigue  life  H. 
The  speetrum  is  to  be  repeated  over  and  over  again  until  "failure"  ocourSf  at 
oraek  depth  h^.  The  actual  oraek  growth  ourve  for  the  oombined  loadings,  as  yet 
unknown,  is  illustrated  by  the  dot-dash  line  labeled  s^.  The  problsm  is  to  find 


the  value  s^  whioh,  if  applied  at  constant  amplitude,  will  cause  failure  after 
the  same  tmb9f  of  ejeles,  1^*  (Note  that  is  not  equal  to  .l^  N^). 


function  of  crack  depth,  the  effective  rate  of  growth,  at  any  value  of  n, 
will  be  determined  by  the  welj^ted  average  of  the  rates  for  s^  and  S2,  at 
the  same  crack  depth.  This  would  be  expressed  mathematically  by 


For  the  case  in  which  sereral  different  stresses  are  applied  during 
the  speetrum  (Fig.  11}  the  above  equation  may  be  expressed  as 


The  rate  of  crack  growth  at  any  giren  stress  level  will  be  found  by 
differentiating  the  expreseion  for  the  depth  of  the  crack  with  respect  to 

I 

n.  Two  eases  will  be  examined.  Assume  first  that  the  oraek  depth  is 
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glT«n  bgr  Eq.  (3)t 


C  ifn 
h  -  A  •  ^ 


The  rate  of  eraok  growth  ie 

The  effective  rate,  from  fiq.  (10),  would  therefore  be 


(11) 


(12) 


(13) 


In  this  equation  e^  has  been  used  In  the  exponent,  because  by 
definition  s^  would  produce  the  same  depth  of  crack  as  the  stress  speetrun. 

The  corresponding  expression.  In  terms  of  s^.  Is 


A  C  8 : 


C  sw^n 


(U) 


From  Bqe«  (13)  and  (14)  It  Is  evident  that 


X 

1 


from  which 


(15) 


(16) 
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This  is  the  desired  expression  for  the  reduced  stress.  It  aesns  that 
sU  stresses  in  the  speotnim  are  weighted  to  the  x-power  and  in  proportion 
to  their  relative  frequency  of  occurrence. 

It  is  convenient  to  express  Eq.  (16)  in  terns  of  dlaensionless  factors. 
This  may  be  done  by  selecting  a  base  strees  in  the  speetrua,  s^,  and  ds« 
fining  the  strees  ratios  and  frequenoy  ratios  by 
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(17) 


(18) 


The  reduced  stress  may  now  be  expressed  in  terms  of  the  base  stresst 


(If): 

(20) 


(In  coaputlng  p  it  is  convenient  to  select  as  base  stress,  s^, 
the  lowest  value  in  the  stress  spectrum,  thus  avoiding  nega^ 
tive  logarithms.) 

The  value  of  x  will  be  determined  by  the  basic  e-N  diagram  in  the 
region  over  which  the  stresses  vary. 

there  is  an  endurance  limit,  s^,  it  could  be  assumed  that  any 
stress  below  this  value  will  not  cause  growth  of  the  crack.  This  would 
be  taken  care  of  by  substituting  sero  for  s^  in  Eq.  (16),  or  for  in 
Eq.  (20).  The  possible  helpful  effects  of  "understressing"  will  not  be 

*(for  constant  amj^tude  stress  rmrsrsals) 


I 


Moounttd  for  by  this  prooodurof  bat  thor*  appaftro  to  b«  no  proof  that 
•uoh  uadoratroaalng  (repoatod  loading  balov  tho  onduraneo  Halt)  actually 
i^)rovaa  fatlguo  roalataneo  whan  aopliad  a£  part  ££  loading  apootnai. 

Hanea  it  is  adrisabla  to  ignora  sueh  affaets  in  oomputing  tha  raduead 
strass  for  tha  short-apaotrua  typa  of  loading,  until  thara  is  axparlaantal 
proof  that  sueh  offsets  exist.  In  faet,  thara  saaas  ^  ^  i]£  proof  that 
tha  anduranea  •xiats  under  such  eenditions.  If  this  limit  depends 

on  not  axeaading  tha  alastie  limit  at  any  time,  or  on  building  up  a  quaei- 
alastie  state,  it  is  quite  possible  that  an  oeeasional  high  strass  eyela 
will  "wash  out"  all  the  halplbl  affaets  eausad  by  tho  lower  stress  eyelas. 

It  would  seas  that  tha  only  safe  proeodure  in  eoaputing  tha  raduead  stress 
would  be  to  ignora  tha  anduranea  limit,  until  further  exparimantal  evidanea 
is  obtained. 

Hawing  datarminad  tha  raduead  strass  for  a  giran  loading  spaetrua,  tha 
fatigue  life  may  be  found  by  using  tha  regular  s  -N  diagraa  for  eonstant 
stress  aaplituda, 

Iq,  (20)  was  applied  to  tha  sample  oases  on  pages  16  and  19  of  NACA 
TM*479H  (Raf,  11),  No  signif leant  diffarancas  in  tha  results  ware  obtalnaid, 
as  oomparad  with  Ninar’s  method.  This  is  to  be  aDqpaetad,  sines  Iq,  (16) 
aetually  raprasants  Nlnar's  method  in  the  form  of  a  raduead  stress.  Prom 
tha  NACA  tests  it  appeared  that  tha  higher  stresses  required  greater  weighting. 
This  lad  tha  author  to  raaxamina  tha  axpraasion  used  for  tha  depth  of  eraek 
(Iq,  (3)),  A  different  aoqprassion  was  obtained  by  assuming  that  tha  initial 
depth  (on  first  applieation  of  load)  was  a  function  of  tha  Inalastio  strain 
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(Bq.  (5))*  Th«  d«ritfttiT«  of  Bq.  (5)  is 

(*1) 

If  this  oquAtion  la  usod  In  tho  dovolopaont  of  an  •xproaaien  for  tha 
raduead  atraaa,  Eqa.  (16)  and  (20)  baeoaa 

(22) 

p  ^  (23) 

lha  naw  axpraaaiona  obrloualy  gira  greater  wel^t  to  the  higher 
atreaaea  and  therefore  tend  to  bring  the  theory  into  eloaar  agraaamt 
with  teat  data.  (8>a  Japjilaamt  far  ^iattlia  of  ftttng'ihii  tftadl^.) 

Further  aMpirleal  ■odlfioatlona  could  be  made.  If  daalrad,  to  attach 
aran  greater  weight  to  the  higher  atreaaea.  No  attaapt  will  be  Mde  here 
to  explore  the  aeoondary  effeota  tdiioh  aight  reault  froa  repeated  atreaaea 
of  rariable  magnitude.  For  the  abort  atreaa-apectnai  it  would  aeaa  that 
aagF'  diatribution  of  atreaa  amplitudal  could  be  adequately  repreaented 
by  tha  method  outlined  above.  In  making  teata,  it  ia  important  that  tha 
number  of  oyolea  in  the  apeotrua  be  held  to  a  relatlTely  low  value. 

Up  to  thia  point  the  variable  atreaa  aaplitudaa  have  bean  aaauaad  to 
oeeur  within  a  abort  atraaa-apectma  which  ia  repaated  until  fallura  oecura. 

A  different  aituation  ia  found  In  the  aecond  type  of  loading,  whore  the 

e^eludiiig  vpabdbm  diatribution 
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loadlng  history  is  oompessd  of  oitly  s  fsw  stsgss,  sseh  oeourring  st  s 
eonstsnt  stress  lerel.  In  the  slajAsst  eass,  eonsidsr  s^  to  be  spidisd 
for  eyelesy  after  vdiieh  §2  is  applied  until  failure  oeeurs*  The  result 
to  be  expected  is  shown  diagraasatioally  by  Fig.  13  (not  to  seals). 


n  (cycles) 


yia«  13  "Orerstressin^,  in  Terms  of  Crack  Growth 

During  nj^  cycles  at  stress  s^^  the  crack  grows  along  the  Sj^  eunre. 
When  the  stress  is  changed  to  §2  transfer  to  the  S2  ourre  snst  be 
■ads  at  constant  crack  depth.  It  is  therefore  possible  to  find  a  ealue 
of  cycles  n^  which  would  hsTs  produced  the  same  depth  of  crack  at  stress 
IcTsl  S2.  If  Eq.  (3)  is  used  as  a  basis  for  crack  growth,  the  resulting 
relationship  will  be 


iriiore 


*  aqulval«ttt  Ufa  ftt  atraas  a^*  for 
oyclaa  at  a^ 

If  thla  ralatlonahlp  la  uaad  to  find  tha  total  lifOi  it  will  giva  the 
aan«  reault  aa  tha  method  prevlouidy  davalopad  for  ahort-oyola  loading^ 
baaed  on  Eq.  (3).  Thla  la  bacauae  tha  aama  ahapa  of  curve  waa  uaad  for 
both  atraaa  lavala  (aaa  Naamarkta  diaouaalon  of  thla,  p.  207,  Raf.  1). 

Thla  maana,  for  example,  that  if  one-half  the  life  at  a^  la  uaed  up,  one* 
half  of  the  life  at  aill  remain.  Thla  aould  be  true,  honevar,  only 
whan  affine  crack  groat h  curves  are  aaauned. 

If  Eq.  (S)  is  uaed  aa  a  basis,  the  result  aill  be 


This  expression  la  the  same  as  Eq.  (2U),  except  for  tha  added  term. 

Whan  8^  is  greater  than  this  means  that  a  larger  fraction  of  tha 
fatigue  life  at  s^  will  be  used  up  by  "overatressing"  at  s^.  Whan  s^  is 
lass  than  a  negative  logarithm  la  obtained,  shoving  that  "understzvssing" 
would  not  use  up  as  much  life  aa  predicted  by  Ulnar's  or  any  sinilar  theory. 

The  situations  described  above  are  not  very  likely  to  be  mat  with  in 
aircraft  design.  Furthermore,  there  are  undoubtedly  other  effects  which 
occur  whan  a  long  period  at  one  stress  level  is  followed  by  a  change  to  a 
different  stress  level.  The  attention  which  has  been  devoted  to  these 
phenomena  appears  to  be  based  on  the  hope  that  they  would  throw  further 


light  on  tho  naturo  of  fatiguo  Itsalf*  Stnea  Eq.  25  appaara  to  aoq^laln 
tha  ohaanrad  bahavlori  at  laaat  qaalltatlaaly,  no  attwpt  will  ba  mada  In 
thla  papar  to  davalop  tha  aquatlona  aagr  fhrthar. 

Zt  la  idiom  thrt  a  pariod  of  ejalii^Iaadlag  at  a  olMoa  latai  iik 
balow  tha  anduranea  liadt  aHp'.  raiaa  the  fatlgoo  Ufa  for  aubaaqpantljr 
appliad  straasas  of  graatar  aaplituda.  (Sea  Raft.  1  or  2.)  Thia  muld 
aaan  to  ba  explainable  by  the  fact  that  repeated  loading  at  a  low  atraaa 
amplituda  tanda  to  eauae  the  bulk  of  the  aatarlal  to  approach  an  alaatle 
atata,  aa  prarloualy  daaerlbad.  If  thla  cycling  la  carried  out  below 
tha  anduranea  liadt,  the  rata  of  crack  growth  will  gradually  daeraaaa 
and  a  atable  condition  will  be  attained  by  the  tlaia  the  alaatle  atata  la 
reached.  Subaaquent  loading  at  a  higher  atraaa  level  mat  therefore 
ba  baaad  on  a  higher  alaatle  liadt,  aa  ahown  by  Fig.  9  and  Eq.  (7). 

Thla  ajqplanation  aarvea  to  emi^alaa  tha  pravloualy-axpraaead 
warning  that  under  randan  qjroUe  loading  tha  halpftel  ("healing" }  af faot 
of  "undaratraaalng"  ahould  not  ba  Included  In  tha  analyala. 
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PART  4  -  EFFPXTS  OF  UNBaL'.'ICED  LOIDING 
(MEAN  STRESS  NOT  EQUAL  TO  ".ERO) . 

In  Part  2  the  type  of  loading  aCi  rnfi  i  vas  that  in  which  the  loading 
alternates  between  ^qual  values  of  tension  and  compression,  with  a  mean 
stress  of  zero.  For  convenience,  this  will  be  referred  to  at.  balanced 
loading,  nhen  the  mean  stress  is  not  zero,  the  term  unbalanced  loading 
will  be  used.  In  an  airplane,  for  example,  the  wing  is  subjected  to  an 
average  loading  which  is  very  nearly  equal  to  the  v.'eight  of  the  airplane. 
During  flight  through  rough  air  the  load  fluctuates  above  and  below  this 
mean  value  as  the  result  of  up  and  down  gusts  (see  Paper  No.  2,  Ref.  1). 

It  is  therefore  important  to  extend  the  theox*y  of  fatigue  to  include  the 
unbalanced  type  of  loading.  The  same  situation  applies  in  a  bridge 
structure,  except  that  the  mean  stress  is  likely  to  be  considerably  higher, 
relative  to  the  fluctuating  stress. 

The  maximum  and  minimum  values  reached  during  a  stress  cycle  will  be 
assumed  to  remain  constant,  as  in  Part  2, .  The  effects  of  varying  amp¬ 
litude  have  been  analyzed  in  Part  3,  for  balanced  loading.  Similar  methods 
can  be  developed  for  unbalanced  loading. 

Fig.  14  shows  a  case  in  which  the  stress  varies  between  zero  and 
some  maximum  value  in  tension,  which  will  be  designated  as  Assume 

that  at  some  region  in  the  structure  there  is  a  large-scale  stress-raiser 
having  an  effective  value  of  K.  The  actvial  stress  will  therefore  vary 
as  shown  by  the  dashed  curve  in  Fig.  14  (b).  (Note  that  K  also  raises  the 
mean  stress.) 


-43- 


(a)  (b) 


Fig.  14  Unbalanced  Loading 

It  will  be  assumed,  for  the  moment ,  that  large  scale  8tres8-«0B> 
ccntratlon  effects  have  been  accounted  for  and  that  v;e  are  dealing  with 
the  actual  stress  In  a  region  surrounding  the  crack  (notch  effects  etc, 
will  be  further  discussed  later) •  The  stress-strain  picture  Implied  by 
the  assumptions  used  for  balanced  loading  (Part  Z)  Is  shown  In  Fig.  15 


/ 


Fig.  15  Stress-Strain  Loop  for  Balanced  Cyclics Loading.- 


This  type  oi'  action  la  known  to  occur  apd  haa  already  been  referred 
to  (Ref.  1,  pp.  1  to  3,  see  also  Ref.  k,  p.  460  and  Ref.  10,  p.  27). 
Actua^y,  however,  the  amount  of  slip  which  is  Involved,  during  crack 
growth,  will  be  much  less  than  the  amount  det-^rmined  by  applying  to  Fig.  15 
the  stress-strain  curves  obtained  in  a  simple  tension  test,  as  discussed 
in  Part  2,  the  loop  may  even  narrow  to  such  an  extent  thiat  It  becomes  a 
single  straight  line,  representing  elastic  action.  (This  idea  was  used  to 
explain  how  ah  inelastic  material  might  develop  an  endurance  limit.) 

If  this  same  reasoning  is  now  applied  to  the  unbalanced  type  of  load¬ 
ing  a  question  immediately  arises.  It  is  generally  considered  that  un¬ 
loading  is  a  purely  elastic  action  (this  applies  only  for  time-independent 
stress-strain  relationships  however;  see  the  author’s  discussion  in  Ref.  7» 
P.2'33).  If  the  loading  cycle  remains  entirely  in  the  tension  range,  there 
would  appear  to  be  no  stress-strain  loop  at  all  and  there  would  then  be  no 
crack  growth.  This  is  illustrated  in  Fig.  16,  for  stresses  varjdng  between 
Sj^  and  S2. 

/ 

-  *1 

- *2 

e 

Fig.  16  Unbalanced  Cyclic  Loading 


It  is  knov/n,  however,  that  fatigue  can  occur  under  such  conditions. 
There  are  at  least  two  explanations  for  this,  both  of  v;hich  no  doubt  apply 
to  some  extent.  First,  it  is  known  that  the  "law"  of  purely  elastic  action 
on  unloading  is  not  strictly  true,  for  very  small  strains  such  as  those 
involved  in  fatigue.  Hence  there  may  still  be  a  loop.  Second,  it  is 
possible  for  a  "weak"  crystal  to  undergo  reversal  of  strain  even  though 
it  might  be  imbedded  in  a  medium  that  is  otherwise  purely  elastic.  This 
is  illustrated  by  the  extremely  simplified  picture  in  Fig.  17.  Assume 


that  the  weak  crystal  starts  to  slip  at  a  relatively  low  stress,  or  that 
it  has  an  inelastic  stress-strain  relationship  such  as  described  by  Eq.  (2). 
When  the  bulk  stress  (over  the  entire  cross-section)  is  varied  between  s^ 
and  S2,  the  crystal  must  undergo  the  same  change  of  length  as  the  bulk  of 
the  material.  If  it  slips  at  all,  it  will  have  to  slip  back  again,  oven 
though  the  bulk  stress  remains  tension.  The  small  forces  required  to 
cause  this  slip  will  have  no  appreciable  effect  on  the  bulk  stress. 
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In  an  aggregate  composed  of  both  "weak"  (plastic)  and  “strong” 

(elastic)  crystals  the  aituati  jn  v/ill  be  some'^vhat  similar,  except  that 
the  overall  behavior  of  the  material  will  not  be  totally  elastic  in  nature. 
Instead  it  will  depend  on  the  integrated  behavior  of  very  large  numbers 
of  crystals  having  a  random  distribution  of  slip  planes.  This  ia  the 
basis  for  the  Batdorf-Budianaky  theory  of  inelastic  behavior  (Ref.  19), 
which  the  author  believes  to  be  the  most  realistic  theory  yet  proposed. 

To  determine  the  behavior  of  an  actual  material  under  repeated  loading, 
it  will  be  necessary  to  apply  the  principles  of  this  theory  to  the  case  of 
cyclic  loading.  This  would  require  knowledge  of  the  behavior  of  single 
ci^stals  under  repeated  loading  involving  a  large  number  of  cycles  and 
would  involve  determining  the  residual  stresses  which  result  from  non- 
uniform  behavior  of  the  individual  crystals,  buch  a  theory,  if  it  were 
available,  would  no  doubt  explain  why  a  material  tends  to  approach  a  state 
of  elastic  behavior  after  many  cycles  of  repeated  loading.  It  would  also 
provide  a  basis  for  determining  the  amount  of  slip  involved  in  cyclic 
loading  of  an  unbalanced  type,  such  as  being  considered  here. 

Lacking  such  a  theory,  it  does  not  appear  possible  to  develop  a 
rational  method  by  which  the  effects  of  unbalanced  loading  (mean  stress 
not  zero)  can  be  accurately  predicted  or  quantitatively  compared  with 
those  of  balanced  (completely  reversed)  loading,  A  few  qualitative  con¬ 
clusions  can  be  reached,  however,  by  applying  the  foregoing  ideas  to 
special  cases. 

If  the  bulk  behavior  of  the  material  were  virtually  elastic,  but 
there  happened  to  be  a  few  “weak”  crystals  such  as  shown  in  Fig,  17»  the 
amount  of  slip  experienced  by  a  crystal  would  be  directly  proportional  to 
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the  bulk  stress  (P/a  or  Me/l) .  For  unbalanced  loading  this  would  mean 
that  the  rate  oi  growth  of  a  crack  would  tend  to  be  px*oportional  to  the 
stress  difference,  or  range.  This  theory  has  often  been  proposed  as  a 
basis  for  the  analysis  of  fatigue  under  unbalanced  loading,  but  tests  show 
that  as  the  mean  i;tress  is  increased,  the  allowable  range  of  stress  de¬ 
creases.  This  would  indicate  that  the  degree  of  slip  becomes  greater  as 
the  mean  stress  is  increased,  while  the  range  Is  held  constant.  It  is 
also  probable  that  a  higher  mean  tensile  stress  would  Increase  the  number 
of  atoms  which  become  unbonded  during  each  cycle. 

Some  actual  test  data  for  unbalanced  loading  will  now  be  examined. 
Figs.  16  and  19  have  been  reproduced  from  Figs.  9  end  10  of  Ref.  20,  which 
reports  the  results  of  many  tests  made  by  the  Battelle  Memorial  Institute 
for  the  N.A.C.A, 

The  curves  for  75^'’T6  aluminum  alloy  (Fig.  18}  show  a  definite  sagj 
this  indicates  an  endurance  limit  of  the  type  illustrated  in  Fig.  9  (b) 
for  which  the  basic  fatigue  equation  would  have  the  form  of  Eq.  7  (s)  or 
7  (b).  Fig.  19,  for  SAE  4I3O  steel  indicates  an  endurance  limit  of  the 
"cut-off"  type  (Fig.  9  c)  with  a  basic  fatigue  equation  in  the  form  of 
Eq.  4. 

For  both  materials  it  can  be  seen  that  over  a  large  range  of  R  the 
curves  have  about  the  same  slope  on  the  log-log  plot.  This  shows  that  the 
amount  of  slip  involved  is  a  function  of  s^,  as  previously  assumed  for 
balanced  loading.  At  high  values  of  R,  however,  the  slope  appears  to  de¬ 
crease.  This  effect  becomes  noticeable  in  the  region  of  the  tensile  yield 
stress  and  it  indicates  a  change  in  the  nature  of  the  action  Involved.  On 
the  basis  of  the  stress-strain  analysis  presented  in  Chapter  16  of  Ref,  7 
it  would  appear  that  time  effects  begin  to  become  important  when  the 
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maximum  stress  level  exceeds  valuer  in  the  neighborhood  oi  the  yield  stress. 
Since  a  lower  slope  represento  a  higher  value  of  x  (see  Eq,  4  c)  this  would 
indicate  that  the  maximum  stresses  are  getting  well  beyond  the  knee  of  the 
stress-strain  diagram.  Beyond  this  point  the  stress-strain  loop  probably 
widens  very  rapidly  with  increasing  stress-level,  beeaning  a  quasar-loop 
(one-time  loading)  at  the  value  of  the  ultimate  tensile  stress  for 
the  rate  of  load  (or  strain)  application  involved. 

If  any  attempt  were  made  to  correlate  fatigue  behavior  with  ultimate 
tensile  stress  in  the  high  range  of  loading  it  would  seem  necessary  to  work 
with  true  stress  rather  than  the  nominal  value.  This  will  be  discussed  later. 

Since  addition  on  a  log-log  chart  actually  represents  multiplication, 
it  can  be  seen  from  Figs,  16  and  19  that  the  effect  of  a  mean  stress  other 
than  zero  (R  =  const.)  is  to  multiply  the  value  of  W  by  a  constant  factor. 
This  factor  is  evidently  a  function  of  R.  Eq.  4  a  would  therefore  be 
changed  to 


where 


(26) 


5y  referring  to  the  derivation  of  Eq,  4  a  it  can  be  seen  that  l/Kjj 
must  represent  the  ratio  between  the  number  of  atoms  unbonded  in  unbalanced 
loading  and  the  number  unbonded  in  balanced  loading,  at  the  same  maximum 
stress  level.  The  increase  in  fatigue  life,  as  the  minimum  stress  is  raised, 
must  therefore  be  caused  by  a  narrowing  of  the  stress-strain  loop.  The 
Increase  in  mean  stress  will  probably  tend  to  offset  this  to  some  extent, 
as  previously  noted. 


.  In  view  of  the  fact  that  test  results  for  unbalanced  loading  are 
rapidly  becoming  available  to  the  designer  there  la  no  urgent  need  for  a 
theory  which  will  predict  accurately  the  fatigue  curves  for  various  values 
of  R,  Hov;ever,  It  is  of  Interest  to  see  whether  an  approximate  analysis, 
based  on  the  foregoing  principles  will  give  results  which  have  the  proper 
trend.  To  this  end,  several  schemes  were  tried  In  an  effort  to  express 
the  magnitude  of  the  Inelastic  strain  In  terms  of  R.  One  of  these  is  shown 
in  Fig,  20.  Only  the  inelastic  strain  is  shown  in  these  diagrams. 


♦  8  +8 


R  -  -1  R  /  -1 

(a)  (b) 


Fig,  20  Stress -strain  Loops  (inelastic  strain  only) 


350 


-52- 

Rov, 


For  the  case  shown  in  (b)  the  ratio  of  plastic  strain  to  that  for 
balanced  loading  (a)  is  obtained  as  follows: 


where 


R  - 


-350 
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To  use  Eq.  27f  the  value  of  N  for  balanced  loading  at  a  given  stress 
is  determined  and  then  multiplied  by  to  find  the  value  for  any  given  R. 

%  ■  %''b  (“) 

where 

Ng  ■  value  for  balanced  loading. 

The  curves  obtained  by  this  method  are  indicated  on  Fig,  19  by  dashed 
lines,  for  four  values  of  R.  For  R  -  -.3  and  -.6  the  computed  values  of 
Ng  are  lower  than  the  teat  values,  but  for  N  *  -.3  and  0  they  are  higher. 

The  over.estlmation  of  fatigue  life  increases  rapidly  as  the  mean  stress 
increases.  This  would  indicate  that  the  effects  of  mean  stress  are  not 
restricted  to  the  effect  on  the  stress-strain  loop,  but  also  tend  to  in¬ 
crease  the  rate  of  crack  growth  directly,  as  previously  mentioned. 

Various  modifications  and  Improvements  of  the  above  elementary  analysis 
suggest  themselves.  For  example,  the  type  of  fatigue  equation  represented 
by  Eq.  7  would  give  different  results.  Different  assumptions  for  the  shape 
of  the  stress-strain  loop  could  be  made,  A  factor  relating  rate  of  crack 
growth  to  the  value  of  mean  (or  minimum)  stress  could  be  Included  in  the 
derivation  of  the  fatigue  equations  (this  appears  to  be  the  most  logical 
step  to  take).  No  attempst  will  be  made,  in  this  paper,  to  modify  the  fore¬ 
going  analysis  of  unbalanced  loading  so  as  to  obtain  better  agreement  with 
the  test  results.  This  is  an  interesting  field  for  research,  provided 
that  the  analysis  is  made  on  the  basis  of  a  logical  theory  of  inelastic 
behavior,  as  previously  suggested.  On  the  other  hand,  it  would  add  little 
to  our  knowledge  of  fatigiue  merely  to  include  more  adjustable  factors  in 
Eq.  27)  in  order  to  make  it  fit  the  test  data. 


As  explained  in  Part  2  the  endureno*  llnlt  may  be  Interpreted  as  the 
maximum  value  of  repeated  stress  at  which  an  elastic  state  may  be  main¬ 
tained,  or  a  "quasi-elastic"  state  developed  neiore  crack  growth  entered 
the  relatively  rapid  stage.  For  unbalanced  loading  the  rate  of  crack 
growth  is  reduced  because  of  the  reduction  in  the  amount  of  inelastic 
strain,  represented  by  the  narrowing  of  the  stress-strain  loop.  This  alone 
would  tend  to  permit  a  higher  level  of  maximum  stress  to  be  applied.  In 
addition,  the  narrowing  of  the  initial  stress-strain  loop  also  means  that 

fewer  cycles  would  be  required  to  attain  the  quasi*^lastic  state.  Both  of 
these  effects  would  result  in  an  increase  in  endurance  limit  with  increasing 

mean  stress. 

One  of  the  most  convenient  methods  of  plotting  the  results  of  fatigue 

* 

teats  under  unbalanced  loading  is  the  Goodman  diagram,  in  which  the  value 
of  maxlmm  stress  is  plotted  against  the  mean  stress,  9y  cross-plotting 
from  the  s-4f  diagram  (Figs,  18  and  19)  a  curve  may  be  obtained  for  any 
given  value  of  N.  (For  examples  see  Fig.  8,  p,  35  of  Ref.  1,  or  Figs,  110 
to  113,  of  Ref.  2.)  Goodman's  original  hypothesis  was  that  the  curve 
representing  the  endurance  limit  (N  ■«,  or  some  very  large  number)  would 
vary  linearly  with  mean  stress.  In  order  to  include  the  fact  that  failure 
must  occur  when  the  mean  stress  reaches  the  ultimate  tensile  stress  the 
curves  are  usually  extended  to  include  this  point.  Fig.  21  shows  the 

7 

values  of  maximum  stress  at  10  cycles,  plotted  In  this  luumer  from  Figs, 

18  and  19, 

The  assumption  of  a  linear  variation  of  maximum  stress  between  that  for 
completely  reversed  loading  and  that  for  one-time  loading  (ultimate  tensile 
stress)  is  at  least  reasonable.  In  the  two  cases  shown  it  would  be  on  the 

« 

Usually  called  the  modified  Goodman  diagram. 


*.«  *  stresa,  ksl 

av  ' 
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safs  sidA.  The  upper  region  of  the  curves  would  become  more  nearly  straight 
If  the  true  stress  were  used  instead  of  the  nominal  stress,  (Since  there 
is  no  necking  effect  in  fatigue  it  is  illogical  to  compare  fatigue  strength 
with  ultimate  tensile  strength  on  the  basis  of  nominal  stress.)  In  using 
true  stress  the  upper  ends  of  the  curves  would  be  extended  along  a  straight 
line  through  the  origin,  to  the  value  of  true  stress  corresponding  to  the 
nominal  ultimate  tensile  stress  (not  to  the  true  stress  at  fracture). 

The  Goodman  diagram  (Fig.  21)  may  be  physically  interpreted  as  follows. 
As  the  mean  stress  is  raised,  the  action  takes  place  at  a  smaller  range 
and  at  a  higher  level  on  the  stress-strain  diagram.  The  range  must  decrease 
in  order  that  the  integrated  rate  of  crack  growth  will  remain  the  same, 
thereby  insuring  the  same  value  of  N  (or  complete  stoppage  of  crack  growth 
in  the  case  of  a  true  endurance  limit),  i/hen  the  maximum  stress  reaches 
the  ultimate  tensile  stress  (at  maximum  load)  the  amount  of  slip  which 
occurs  on  the  first  application  of  load  is  so  great  that  the  nominal  stress- 

strain  diagram  becomes  horizontal,  or  even  drops  (indicating  necking). 

« 

This  means  failure  at  "one-quarter  cycle":  no  reversal  of  loading  is  then 
possible.  The  point  representing  the  ultimate  tensile  stress  should  there¬ 
fore  not  appear  on  a  diagram  which  indicates  the  allowable  maximum  stress 
for  a  large  number  of  reversals,  or  for  complete  abaance  of  failure.  It 
may,  however,  be  used  as  a  hypothetical  limit. 

The  same  line  of  reasoning  shows  that  the  typical  s-N  curve  should 
actually  begin  at  one-quarter  cycle  and  at  the  (true)  ultimate  tensile 
stress. 

One  point  is  clear  from  the  above  reasoning:  for  ductile  mater^a|i|i; 
both  fatigue  failure  and  ultimate  failure  can  be  placed  on  the  same 
Physical  basis:  both  result  from  inelastic  strain.  It  is  also  clear  that 

It  ^)peara  that  this  refinesiep|t  is  of  little  significance ;  see  Suppleoient, 


the  vmlue  of  the  true  atreee  et  eetual  failure^  after  neoking  hae  eeeurred, 
has  virtually  no  elgnlfioanee  In  struetures  whioh  are  expeeted  to  fail  In 
a  ductile  Banner  under  ona-tine  loading^  or  In  fatigue  under  repeated  load¬ 
ing. 

Further  investigations  along  these  lines  might  reveal  a  Method  of 
analysing  repeated  stresses  of  variable  aaplitude  in  sueh  a  way  that  one- 
tine  loading  is  autonatieally  ineluded.  For  example,  the  stress  oorres- 
ponding  to  one-time  loading  eould  be  given  a  very  high  weighting  factor 
in  the  expression  for  reduoed  stress  (Part  3) .  The  final  result  would  be 
that  the  variable  loading  speetrum  would  cause  some  reduction  in  the  allow 
able  tensile  stress  used  for  the  "one-time"  loading  analysis.  The  possi¬ 
bility  of  treating  failure  at  the  ultimate  tensile  stress  as  a  special  case 
of  fatigue  is  being  investigated  and  will  be  discussed  in  a  subsequent  paper 
on  stress-analysis  methods. 
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PART  5  - 


It  la  wall  known  that  most  fatigue  failures  which  occur  In  service 
are  the  result  of  a  e<Miiblnatlon  of  fatigue  and  stress>eoneentratlon.  The 
Insidious  thing  about  this  combination  Is  that  a  stress-raiser  (such  as  a 
notch  or  hole)  may  have  little  or  no  effect  on  the  static  strength  (one-time 
loading)  but  nay  greatly  reduce  the  allowable  stress  required  to  ensure  the 
desired  lifetime,  In  terms  of  cyclic  loading. 

In  view  of  the  large  amount  of  work  that  has  been  done  In  this  field, 
the  present  discussion  will  be  directed  toward  Interpreting  the  effects  of 
notohes  In  the  light  of  the  ideas  and  theories  which  have  been  pbeeentad 
up  to  thie  point.  Only  a  few  of  the  more  recent  papers  on  notch  effects 
will  be  referred  to. 

The*  first  step  that  must  be  taken  toward  clarifying  the  effects  of 
stress-raisers  is  to  direct  attention  away  tram  stress  and  toward  strain, 
particularly  Inelastic  strain.  It  has  been  shown  that  a  logical  theory  of 
fatl^e  can  be  developed  from  the  principle  that  a  crack  forms  and  grows 

f 

thro(i|^  the  gradual  unbondlng  of  atoms  as  the  result  of  reversals  of 
inelastic  strain.  The  adverse  effects  of  a  stress-raiser  indicate  that 

the  rate  of  growth  of  the  crack  is  increased.  This  could  be  due  to  two 

i 

eaUaesy  aa^^^ntioned  in  Part  Ut  increased  slip  or  the  increased  tendency 
to  unbond  caused  by  higher  tensile  forces.  From  available  indications  it 
appears  that  both  effects  occur,  but  that  the  major  effect  is  the  increase 
in  slip. 

In  order  to  visualise  stress  concentration  effects  it  is  convenient 
to  use  a  simplified  presentation  which  the  author  developed-  in  teaching 


•trmgth  of  natorialB.  Flgur«  22  shaws  a  atrip  of  eonatant  thieknaaaf 
undar  tha  action  of  a  tanalla  foroa  P.  At  tha  anda  of  tha  atrip,  or  at 
aoaia  eonaidarabla  diatanea  awajr  froa  tha  notch,  it  may  ba  aaauaad  that  tha 
dlatrlbution  of  force  la  eonatant  orer  tha  width,  B»  If  thia  width  ia  now 


Fla.  22  Bffaot  of  a  Notch 


diTid«d  into  a  nunbor  of  olomontt,  dB,  tho  fore*  in  oach  olMimt  will  b« 


q 


(29) 


(Tho  strooo  will  bo  oqual  to  q/t,  whoro  t  is  tho  thioknooo* ) 

Row  if  it  io  dosirod  to  olininato  tho  stroooH>oneontroti<m  offoet  of 
tho  notohoo,  tho  objoet  will  bo  to  achiovo  a  unifom  diotribution  of  foreo 
ovor  tho  width  at  tho  root  of  tho  notohoo*  Honeo  thio  width  io  dividod 
into  tho  aaao  number  of  olomonto  and  "otroamlinoa"  are  drawn  to  Join  thooo 
elononta  with  thooo  at  tho  end  of  tho  strip*  If  tho  foreo  q  rmaains  tho 
aamo  in  each  otreamlino,  tho  dosirod  unifomity  of  otroos  will  haro  boon 
aehiovod* 

It  io  inmodiatoly  apparent  that  there  io  a  largo  wedge  of  "undosirod 
material'*  adjacent  to  each  noteh*  If  those  wedges  are  cut  away,  and  if  tho 
notch  is.  at  a  oonsidorablo  distanoo  tram  tho  ends,  there  will  bo  no  appro- 
oiablo  notch  effect* 

Now  assume  that  after  this  material  has  boon  cut  away  tho  spoeimon  is 
elongated  by  application  of  tho  tensile  force*  Next  iswgino  tho  system  of 
forces  that  must  bo  applied  to  a  wedge  in  order  to  stretch  it  so  that  it 
will  fit  tho  elongated  spoeimon  in  its  original  |!slatieBShip*.i  This  will  ts||l1rs 
a  transfer  of  foreo  across  tho  "cut"  sootion)  it  is  important  to  note  that 
this  represents  a  shearing  action*  Tho  amount  of  force  needed  to  otroteh 
the  voclmon  will  bo  greatest  at  ^o  thickest  end  of  tho  wedge,  adjacent 
to  tho  noteh*  Tho  transfer  of  force  will  reduce  tho  stresses  in  ^e  central 
portion  between  the  notches*  At  the  root  of  the  notch  a  large  flow  of  force 
will  be  added  to  the  streamline,  since  the  two  thick  ends  of  the  wedges  will 
tend  to  equalise  their  tensile  forces  throu^  the  material  adjacent  to  the 
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noteh*  Bgr  definition,  tho  stroanlinos  must  oaeh  carry  a  eonatant  ralua  of  q| 
thorafora  tha  onaa  naar  tha  root  of  tho  noteh  mat  ba  narrowad  and  thoaa  naar 
tha  cantor  of  tha  atrip  will  baeoaa  tddar,  approaching  tha  width  of  tha 
atraaalinaa  at  tha  anda  of  tha  apaciaan  aa  tha  plata  ia  aada  wider  ralatiwa 
to  tha  noteh  depth. 

Tha  exact  location  of  the  atraanlinaa,  in  tha  alaatlc  range,  oan  ba 
obtained  by  an  elastic  analyaia,  or  by  photoalaaticity.  1%a  nain  point  to 
ba  obsanrad  in  the  above  analysis,  however,  is  that  ralativoly  hi|^  shearing 
stresses  must  exist  along  tha  ''cut”  lines,  in  an  actual  (uncut)  spaolnan. 

If  these  shearing  stresses  were  to  cause  slip  at  a  relatively  low  level  of 
stress,  tha  affect  would  be  to  pemit  the  wedge  to  slide  along  tha  "cut" 
line,  ,tai.ao«a  extant.  In  fact  a  complete  cut  may  ba  thought  of  as  repre¬ 
senting  slip  at  zero  shear  stress.  (Various  ways  of  relieving  notch  affaots, 
such  as  making  saw-cuts  or  drilling  holes  in  the  "undesired  material", 
obviously  pemit  the  wedge  to  el(mgate  more  easily  and  therefore  reduce 
the  transfer  of  force  into  this  region.) 

At  the  root  of  a  sharp  notch  the  abnoraudly  hi|^  tensile  stress  will 
cause  shear  slippage  over  a  mall  area.  This  will  not  have  any  appreciable 
effect  on  the  forces  in  the  wedge.  If  the  material  near  the  root  continues 
to  slip  without  any  spbeVntial  Increase  in  stress,  the  forces  requlx^  to 
stretch  the  wedge  mst  be  distributed  farther  dnwitd.  It  can  be  seen  that  the 
effect  of  ^ear  slippage  at  the  root  of  a  sharp  noteh  is  to  level  off  the 
peak  of  the  stress-distribution  curve.  This  is  of  course  well  known  and  is 
Illustrated,  for  example,  on  page  64  of  Ref.  21.  The  amount  of  slip  at  the 
root  of  the  notch  is  jQ^t  reduced  by  this  process.  In  fact  it  must  become 
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greater  as  tha  appUad  tanalla  forea  ineraasas.  Slnea  it  has  baan  shown 

« 

that  fatlgua  is  probably  tha  rasult  of  slip,  it  would  appaar  that  tha 
primary  advarsa  affaet  of  strass-raisars  is  tha  rasult  of  ineraasing  tha 
dagraa  of  slip*  Wa  should  therafore  ba  coneemad  with  strain-raisara .  not 
strass-raisars. 

If  tha  alastie  strass-concantration  factor,  K^,  is  usad  to  datemina 
the  stress  at  tha  root  of  tha  notch  and  this  increased  stress  is  than  usad 
in  connection  with  tha  basic  s-N  diagram,  tha  results  tend  to  undarastimata 
tha  fatigue  Ufa  (this  is  on  tha  safe  side).  .  A  "fatigua-strangth  reduction 
factor",  originally  proposed  by  Hartaumn  (Raf.  22),  can  ba  datanainad  by 
working  backward  from  fatlgua  tests  of  notched  spaoiaans.  This  factor,  K^, 
is 'found  to  ba  lass  than  K^,  particularly  for  hi^  stresses  and  sharp 
notches  (Raf.  21).  It  is  generally  agreed,  therefore,  that  there  is  an 
allavlating  effect  caused  by  tha  inalastle  behavior  at  tha  root  of  tha  notch. 

From  tha  simplifiad  analysis  based  on  Fig.  22  it  would  appaar  that  tha 
alleviation  affects  of  slip  would  be  more  likely  to  coma  from  tha  region 
near  tha  "cut"  line,  in  an  area  silently  ranoved  from  tha  notch,  where  tha 
shear  stresses  will  ba  hi^.  This  idea  is  supported  by  tha  findings  of 
glr  Richard  Southwell,  who  has  shown  by  relaxation  methods  that  (for  a  flat- 
topped  stress-strain  diagram)  a  plastic  region  will  form  first  at  tha  root 
of  a  notch,  but  that  as  tha  loading  is  Ineraasad  another  separata  region 
will  begin  to  fom  at  soma  distance  away  flrcm  tha  notch.  These  regions 
marge  at  high  stress  levels.  (Sea  p.  247  of  Raf.  23* ) 

Turning  attention  now  to  tha  shape  of  the  notch  itself,  tha  most 
important  dimension  in  Fig.  22  would  appaar  to  ba  the  notch  depth.  This 


controls  the  saount  of  aaterial  in  the  wsdgs.  But  the  notch  angle,  w, 
also  affects  the  anount  of  naterial  In  the  wsdgs;  as  it  widens,  the  notch 
approaches  the  "cut"  lines,  for  which  the  stress  concentration  effects 
would  be  negligible. 

For  the  Vee-tTpe  notch  shown,  it  would  seem  that  the  value  of  the 
radius  at  the  root  would  have  little  effect  on  the  amount  of  slip  that 
occurs  in  the  region  at  the  root  of  the  notch.  It  is  true  that  a  small 
radius  will  cause  a  high  elastic  stress-concentration  factor.  However 
this  effect  is  highly  localised  and  would  be  quickly  "washed-out".  It 
would  simply  mean  that  localized  slip  would  start  at  a  lower  stress. 

It  is  important  to  realise  that  the  slip  on  which  the  rate  of  crack 
growth  depends  is  probably  the  result  of  a  stress-distribution  which  extends 
inward  some  distance  from  the  notch.  Because  of  continuity  of  the  material, 
a  large  highly-localized  slip  cannot  exist  adjacent  to  a  region  of  low  slip. 
This  may  be  the  physical  e}q)lanation  of  the  "Neuber  constant"  (Ref.  24) i 
this  constant  could  represent  the  effective  width  over  which  the  slip  acts. 

A  concise  description  of  the  Neuber  constant  is  quoted  below,  from 
Ref.  2$: 

"In  the  classical  theoxy  of  elasticity,  the  material  is 
considered  as  a  continuum.  Pointing  to  the  fact  that  engineer¬ 
ing  metals  have  a  granular  structure,  Neuber  stated  that  this 
concept  must  be  abandoned  when  a  stress  gradient  is  present. 

He  proposed  instead  the  concept  that  the  material  is  an  aggre¬ 
gate  of  "building  blocks"  and  postulated  that  no  stress  gradient 
can  develop  across  such  a  block;  the  quantity  A  is  the  half- 
length  of  a  block.  Neuber  stated  that  the  length  A  should  be 


eon«id«r«d  at  a  nmt  naterlal  eonttant  and  that  it  mat  bt  daiti^ 
nilnad  bgr  tocptrlmant,  ” 

Rtfartnet  25  thaws  that  the  Neubtr  eonttant  can  bt  eorrtlattd  with  the 
ultimata  tantlla  strangth  to  at  to  giTt  Improvad  ratultt*  (For  tha  atfalt 
Invattigatad  this  valua  varlad  from  about  .017  inch  at  an  ultimata  tantlla 
strata  of  50*000  ptl  to  about  .0004  Inch  at  190,000  pti. )  Sinoa,  in  a 
eartaln  matarlal,  hlf^ar  ultimata  tantlla  strastat  art  obtainad  primarily 
bgr  reducing  tha  mnount  of  Inalastie  strain,  it  tamtt  logical  that  tha  width 
of  tha  region  in  which  most  of  tha  slip  occurs  would  dacraata  with  ineraating 
ultimata  tensile  strast. 

In  tha  axtrama  case  of  a  crack  caused  by  fatigue,  tha  "notch  radius" 
would  appear  to  approach  saro.  Actually  tha  "crack"  would  be  raprasantad 
by  a  path  of  unbonded  atoms  and  it  is  quite  possible  that  there  is  a  mors 
or  lass  gradual  transition  from  saro  bond  to  eomplata  bond  at  tha  and  of 
tha  crack.  In  any  ease,  tha  primary  action  of  this  tgrpa  of  atrasa-raisar 
would  be  much  tha  same  as  that  of  a  notch  with  a  asall  radius;  tha  depth 
of  tha  crack  would  be  tha  most  important  factor. 

In  Part  4  it  was  shown  that  in  egrolio  loading  a  "weak"  ergrstal  would 

I 

be  eompallad  to  slip  and  that  tha  degree  of  slip  would  be  goramad  by  tha 
OTarall  strain  in  tha  surrounding  madius^  This  was  a  direct  application 
of  tha  continuity  principle  that  plana  erosm-eactiens  olana.  Tha 

same  reasoning  can  be  applied  to  a  notched  spaelman,  but  now  it  is  aaidant 
that  cross-sac tions,  originally  plana,  will  be  considerably  warped  in  tha 
region  of  tha  notch  or  crack.  Under  tha  action  of  a  tensile  force  Uia  fra# 
edges  of  tha  notch  %rill  tend  to  more  apart  muoh  farther  than  thpy  would  if 


thagr  w«r«  bondtd  together  In  an  unnotehad  spaelaen.  This  paraita  tha  atraln 
at  tha  basa  of  tha  notch  to  axeaad  tha  avaraga  atraln  bgr  eonaidarabla  amounta* 
thus  eraatlng  a  "atraln^raiaar"* 

It  ia  Intereatlng  to  apaeulata  on  what  would  happan  if  tha  dlraot 
tanaila  atraaa  at  tha  and  of  a  crack  becama  aqual  to  tha  ultlaata  cohaalTa 
bond  batwaan  two  atoaia*  Tha  attractiva  forca  batwaan  tha  atoaia  would  drop 
off  with  inoraaalng  dlatanca  batwam  atoaia  (aaa  Fig*  9*9  of  Raf.  3)*  Now 
if  tha  crack  la  aaaumad  to  wldan  further  tha  dacraaaa  in  tanaion  batwaan 
tha  firat  pair  of  atoma  auat  ba  carriad  bgr  tha  naxt  pair.  This  would  cauaa 
tham  to  axeaad  thalr  ultinata  bond  atraaa  and  thla  action  would  go  on  vary 
rapidly  until  tha  crack  had  apraad  throu^  tha  aatarial.  Thia  unstabla 
condition  ia  avldantly  tha  pictura  of  brittla  fractura.  If  tha  matarial 
wara  polyeryatalllna,  it  might  ba  arguad  that  tha  abova  raaaoning  would 
apply  only  to  eryatala  having  a  c  attain  oriantation  and  that  tha  crack  would 
ba  atoppad  by  aneountaring  "weakar"  ciyatals  which  would  undergo  slip.  But 
if  tha  "strong"  crystals  were  surrounded  by  weaker  ones*  as  in  a  random 
distribution  of  erystalSf  Uie  tension  stress  raquirad  to  break  tha  bond  by 
direct  separation  could  not  be  dev^opad.  Hanea  tha  failure  would  have  to 
ba  of  tha  ductile  tgrpa  (1/4  egrcla)  or  of  tha  fatigue  tgrpa  (many  egrelas). 

Slnea  tha  inelastic  strain  in  tha  "weaker"  crystals  depends  on  tha  tsmpara- 
tura  and  tha  rata  of  loading,  it  is  easy  to  sea  why  these  factors  have  such 
important  affects  in  determining  whether  a  failure  is  of  tha  ductile  or 
brittla  tgrpa.  (Sea  Raf.  1  or  3  for  further  discussion  of  this.) 

a 

Tha  foUewing  principle  can  ba  stated,  for  poaslbla  further  investi¬ 


gation  and  varlflcatlon.  jQ^a  essential  diffaranca  batwaan  fatigue  failure 
and  brittla  failure  is  that  in  fatigue  tha  atomic  bonds  are  broken  by  a 


■h—rlM  action  whlla  ^  brittle  failiara  they  §££  broken  Ije  <lirtt  tcnalon. 

Another  factor  that  has  an  iaportant  effect  on  the  conditions  at  the 
root  of  a  notch  is  the  lateral  or  radial  stress  which  must  exist  for  squi- 
librivm  wherever  Axial  (tension  or  compression)  stresses  are  transnittsd 
around  a  curve.  For  cylindrical  specimens  having  a  notch  which  encircles 
the  specimen  the  three-dimensional  stress  situation  for  an  element  a  small 
distance  inward  from  the  notch  is  such  as  to  reduce  the  maximum  shearing 
stress.  The  degree  of  this  reductiem  will  depend  on  the  degree  of  ourvaturet 
for  very  small  radii  the  shear  stress  will  be  appreciably  reduced.  This 
well-known  effect  would  tend  to  reduce  the  degree  of  slip  in  a  region  close 
to  the  root  of  the  notch.  Reduction  in  the  notch  radius  therefore  appears 
to  have  two  opposing  effects:  (1)  the  elastic  stress  concentration  factor 
is  increased,  (2)  the  maxinum  sharing  stress  is  reduced.  Such  effects 
would  have  to  be  considered  in  a  detailed  analysis  of  the  problma. 

The  effects  of  residual  stresses,  already  discussed  in  Part  must 
also  be  considered.  (See  Fig.  26,  Ref.  21. }  In  general  it  would  appear 
that  a  "stress-raiser"  will  magnifjr  these  effects  in  proportion  to  the 
degree  by  which  the  inelastic  strain  is  magnified.  Actually,  however,  the 
residual  stresses  which  result  from  reversal  of  loading  are  merely  evidence 
that  the  material  which  underwmt  slip  is  being  forced  to  slip  again  in  the 
opposite  direction.  Hence  it  would  seem  that  they  do  not  enter  the  analysis 
directly. 

Residual  stresses  of  considerable  magnitude,  produced  by  a  oneway 
loading  before  the  cyclic  stresses  are  applied,  can  have  relatively  large 
effects  under  certain  conditions,  as  shown  by  Rosenthal  and  Sines  (Ref.  26). 


For  high-strength  (hifh  yield-stress)  materials  it  is  possible,  in  effect,  to 
change  the  mean  stress  level  considerably  by  prestres8in<T.  If  this  is  done  Ixt 
the  proper  direction,  and  if  there  is  no  possibility  of  a  large  subsequent 
loadin?  In  the  opposite  direction,  this  technique  might  be  used  to  reduce  the 
probability  of  a  fatigue  failure.  This  situation  exists  in  aircraft  wing 
structures  (outboard  of  lar;ding  gear  attaching  points)  and  in  many  stationary 
structures.  On  the  other  hand,  a  residual  tensile  stress  would  tend  to  raise 
the  mean  stress  level  and  would,  therefore,  have  an  adverse  effect  on  fatigue 
life,  especially  if  the  cyclic  stresses  were  not  great  enough  to  "wash  out” 
the  unfavorable  residual  stress. 

From  the  design  point  of  view,  information  on  the  effects  of  various  types 
of  stress-raisers  is  rapidly  being  obtained  in  the  form  of  s-N  diagrams  for 
different  levels  of  mea^  stress  (see  Refs.  21,  27,  and  28).  A  portion  of 


Tests  on  Notched  24S-T3  Alun- 
inuB  Sheet  Specimens  '  *  4*0 

(From  NACA  1N>  2389,  Fig.  6} 


S«Y.  5-1-53 


Th«  tjp«  of  stroio-raiior  uood  for  thooo  tooto  It  thown  in  Fig.  24* 

-H  2.25  h- 


0.375 
0.0195  R 

1. 

Arbitrary 

Radius 


Fla.  2L  Notchtd  Patlguo  Ttti  Spoeiatn 
with  •  4.0 

(Proa  NACA  IN  2389,  Pig.  2) 

Figure  23  shows  that  the  effect  of  inoreasing  nean  stress,  for  notched 

speclaens,  is  not  only  to  raise  the  fatigue  curve?  but  also  to  decrease  the 

slope.  This  sane  effect  was  evident  in  nearly  all  of  the  tests  of  this 
« 

type.  This  indicates  that  the  higher  stress  level  now  changes  the  exponent 
X  in  the  expression  used  to  relate  inelastic  strain  to  stress  (Eq.  2).  In 
Part  4  it  was  shown  that  for  .unnotohed  speoiaens  a  change  in  mean  stress 
level  did  not  appreciably  affect  the  slope  until  the  maxjwas  stress 
approachsd  the  yield  stress.  This  difference  in  behavior  is  no  doubt  due 
to  the  effect  of  Uie  notch  in  raising  the  aSsn  sti^essi  level,  «r  aore  adsdrately, 
the  strain  level,  at  which  the  action  takes  p>laee.  Severe  notch  effeets 
tend  to  correspond  to  the  higher  (and  flatter)  curves  of  Figs.  18  and  19. 

%ote  that  the  curve  shows  the  maximum  stress)  the  variable  stress  decreases 
with  an  increase  in  aean  stress. 
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Th«  ourv«8  of  Refs*  21,  27,  end  28  also  exhibit,  in  general,  a  tendsnej 
to  oonverge  In  the  vicinity  of  one-quarter  cycle  and  at  a  stress  considerabljr 
ateve  the  noninal  ultimate  tensile  strese  for  the  material  tests.  Since  the 
true  stress  corresponding  to  the  ultimate  tensile  stress  is  also  likely  to 
be  considerably  higher,  this  would  sema  to  support  the  idea  mentioned  in 
Part  4,  that  the  true  stress  at  ultimate  load  (not  at  failure)  algnt  repr^ 
sent  the  limiting  case  of  fatigue  at  one-quarter  cycle* 

The  effects  of  tmnperature  can  be  introduced  into  fatigue  analysis  in 
a  qualitative  manner  by  considering  two  things:  (1)  the  effects  on  the 
inelastic  strain  (stress-strain  loop),  (2)  the  possible  helpful  effects  of 
high  tenperatures  on  re-bonding  after  slip*  In  the  first  ease  the  obvious 
answer  would  be  to  consider  the  material  as  a  new  material  at  each  different 
temperature  level  and  to  wozk  with  the  stress-strain  diagram  which  results* 

As  the  temperature  is  increased,  however,  a  single  stress-strain  diagram 
becomes  Inadequate  to  describe  the  inelastic  strain  behavior*  (See  Ref*  7, 
Ch*  16. )  Time  effects  now  become  important,  especially  in  the  higher  stress 
ranges*  It  swy  therefore  be  expected  that  the  rate  of  loading  (or  straining, 
if  controlled  strain  is  used)  will  have  a  much  greater  effect  than  it  does 
at  lower  tsmperaturee.  Lower  rates  of  loading  should  produce  more  slip  per 

I 

cycle*  In  the  extreme  ease  of  a  veiy  low  rate  of  loading  the  epecimsn 
might  fall  on  the  first  load  application,  by  "stress  rupture”  (see  Ref*  7, 
p*  276)*  This  would  replaoe  the  ultimate  tensile  stress  used  for  time- 
independent  materials* 

For  loading  at  a  mean  stress  greater  than  zero  it  would  appear  likely 

t 

that  the  stress-strain  loop  would  "move  to  the  right"  along  the  stress-strain 
diagram  and  that  failure  would  be  vexy  similar  in  nature  to  that  for  one-time 
loading* 
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Th«r«  It  t  pottibllity  that  at  Ytrjr  hl^  ttaptraiurtt  tost  aattrlalt 
would  itnd  to  rtbond  under  tht  action  of  the  eomproatlYe  forott  txtrttd 
during  ttrttt  rerertal.  If  this  happtntdf  It  would  bt  lapottlblt  for  a 
crack  to  fora  b7  tucctttivt  unbonding  of  atoaa.  Matallurgioal  tfftett 
would  alto  hare  to  bt  contidtradf  at  tltratad  traptraturta* 

Thtte  idtat  are  euggetted  in  order  to  thow  how  the  propoaed  theory 
of  fatigue  could  be  used  to  predict  the  effecta  of  elevated  tanperaturea* 

A  careful  aurvejr  of  exlating  data  aiay  indicate  whether  the  predictiona  are 
aubatantlated  by  teat a*  If  exlating  teat  data  are  inadequate*  it  would  be 
deairable  to  condiict  acme  apecial  teata  at  elevatad  taaiperaturea*  ualng 
different  ratea  of  loading. 

The  idea  of  rebonding  at  hi^er  traperaturea  leada  to  an  exaadnation 
of  the  helpful  or  detriaental  effecta  of  the  aurrounding  nedlun.  Corroaicn 
fatiaue  can  be  explained  by  the  proposed  theory*  by  noting  that  the  atoaa 
expoaed  on  each  reveraal  of  alip  would  be  chaaically  attacked*  thua  ded- 
redaing  the  probability  of  rebonding.  The  baaic  fatigue  equationa  could 
be  Bodlfled  to  provide  for  thle.  It  would  aeam  likely  that  the  factor  C 
in  Eqa.  (2)  and  (3)  would  be  increased,  thua  reducing  the  value  of  the 
constant  B  in  Eq.  (4)  and  causing  the  s-N  diagran  to  be  lowered  by  a  con¬ 
stant  BBount  on  the  log-log  plot.  It  is  possible  also  that  the  exponent  x 
would  be  affected  because  of  the  adverse  conbinatlon  of  corrosion  and  higher 
stress  levels.  This  would  change  the  slope  of  the  a-  If  diagran  on  the  log- 
log  chart.  Both  effecta  have  been  observed  in  tests.  Very  large  reductions 
in  the  endurance  linit  are  known  to  occur  when  corrosion  effects  and  notch 
effects  are  ocaibined  (see  p.  70*  Ref.  2).  Softer  alloys  appear  to  give 


b«tt«r  rcMltt  than  hard  onaa  undar  thaaa  eondltionaf  arm  though  thair 
anduranea  Unit  undar  nomal  eonditlona  naj  ba  ralatlYaly  low.  Thia  oould 
ba  axplainad  bgr  tha  fact  that  In  a  notehad  spaelnan  tha  oorrosiva  aotlon 
apaada  up  tha  unbondlng  proeaaa,  but  doaa  not  affaet  tha  alip  which  oeeura 
aona  dlatanoa  away  from  tha  notch* 

Tha  poaalbla  gain  in  fatlgua  atrangth  undar  eonditlona  eondueira  to 
rabonding  would  seam  to  ba  an  Intaraating  aubjaet  for  axpariaantal  inwaati- 
gatlon.  Tests  could  ba  mada  in  non-corroslva  media  and  at  various  tmapara- 
turas*  Non-oxidizing  materials,  such  as  gold,  could  ba  invaatigatad* 

Tha  significance  of  the  transition  tmaoeratura  in  fatigue  has  baan 
clearly  diacussad  (Paper  11  of  Ref.  1)  by  C.  W.  KacOragor,  one  of  tha 
leading  investigators  of  this  phancmenon*  Tha  transition  tamparature,  aa 
obtained  in  tha  slow-band  tests  at  M*I.T»,  iat'deiliiad  a(i'~iHh*-iA#ehb-''tipir> 
tura  undar  tdiich  no  microscopic  pLaatie  flow  occurs  undar  fixed  conditions 
of  constraint  and  strain  rata”*  At  tsmparaturos  below  tha  transition 
tamparature  a  "brittle"  failure  is  obtained}  above  thia  to^)aratura  a 
"ductile"  failure  is  obtained.  In  the  above  definition  "constraint"  refers 
to  notch  affects.  It  has  baan  found  that  tha  transition  tamparature  is 
increased  by  cyclic  loading  in  a  fatigue  test, 

Kany  of  the  observations  and  auggastions  susmarisad  by  KacOragor  in 
Raf.  1  appear  to  fit  perfectly  into  tha  picture  of  fatigue  as  presented  up 
to  this  point.  For  example,  it  was  assumed  that  cracks  start'  from  tha 
beginning  of  loading,  due  to  inelastic  slip,  and  that  the  growth  of  the 
crack  depended  on  the  width  of  the  atresa-strain  loop*  Undar  soma  conditions 
this  loop  nay  become  a  straight  line  before  tha  crack  becomes  observable, 
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rMulting  in  an  anduranoa  Unit.  Thia  rapraaanta  alaatie  bahariar*  Tha 
narrowing  of  tha  atraaa-atrain  loop  ahould  aartainlgr  affaet  tha  tranaition 
tamparatura,  baoauaa  tha  mora  naarly  the  alaatie  eondition  ia  approarhad 
tha  higher  tha  tanparature  ouat  ba  to  prodiiea  auffieiant  loaaliaad  alip  to 
pravant  brittla  fraetura.  This  would  explain  how  tha  tranaition  taxpdratura 
can  ba  raiaad  by  cyclic  loading  balow  tha  anduranoa  limit* 

It  ia  alao  ganarally  agraad  that  fatlgua  cracks  will  raiaa  tha  tran¬ 
sition  tamparaturai  howavar,  soaia  invastigationa  ahowad  such  affaeta  whan 
no  cracks  could  ba  datactad.  It  would  appaar  that  tha  mathoda  uaad  to 
dataot  tha  cracka  aould  not  have  ravaalad  tha  praaanea  of  a  craok  produoad 
by  unbonding  in  its  aarly  stagaa*  as  previously  noted* 

A  significant  statement  appears  on  page  247»  to  tha  affaet  that  at  a 
stress  15  percent  balow  tha  enduTaiwa  limit  a  crack  continued  to  spread 
and  that  the  rata  of  crack  growth  daeraasad  as  tha  nuaibar  of  eyelas  ineraaaad. 
This  fits  in  with  tha  idea  (stated  by  Qansamar*  p.  3,  Raf.  1)  that  "fatigue 
la  a  race  between  hardening  and  damage".  Below  tha  endurance  limit  the 
"hardening"  (raprasantad  by  the  nazrowlng  of  tha  atreaa-strain  loop)  wina 
tha  race  over  tha  "dm&aga"  (growth  of  the  crack). 
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The  essential  difference  between  the  proposed  theory  of  fatigue  and 
Bost  of  those  which  have  proceeded  It  lies  in  the  mechanism  of  crack  for¬ 
mation,  In  which  the  crack  is  fonsed  by  progressive  unbonding  of  atoms 
as  the  result  of  alternating  slip.  This  relates  fatigue  to  the  amplitude 
of  inelastic  strain  %diich  occurs  in  repeated  loading,  rather  than  to  some 
value  of  stress  at  vdileh  a  crack  would  begin  to  form.  It  also  leads  to 
the  idea  that  the  crack  may  start  at  the  very  first  load  reversal,  even 

^  r 

though  the  crack  may  remain  invisible  until  has  ^grossed  to  a  certain 
depth,  or  until  it  has  produced  fragmentation. 

The  idea  that  fatigue  cracks  are  connected  in  some  way  with  slip  is 
not  new.  Timoshenko  (Ref.  4*  P>  461)  refers  to  a  paper  by  Bidng  and  Humfri^, 
dated  1903,  and  statest  "On  the  basis  of  such  investigations  the  theory 
was  advanced  that  cycles  of  stress,  which  are  above  the  safe  range,  produce 
slip  bands  in  individual  crystals}  if  we  continue  to  apply  such  cycles  of 
stress  there  is  a  continual  sliding  along  the  surfaces  accompanied  by 
flrlction,  similar  to  that  between  sliding  surfaces  of  rigid  bodies.  As  a 
result  of  this  friction,  according  to  the  theory,  the  material  gradually 
wears  along  the  surfaces  of  sliding  and  a  crack  results".  Since  slip  bands 
were  also  found  to  occur  below  the  endurance  limit  of  the  material,  it  was 
concluded  that  the  appearance  of  slip  bands  cannot  explain  the  mechanism 
of  fatigue  cracks.  It  is  also  evident  that  the  theory  proposed  by  Swing 
and  HuBUTrsy  would  require  that  torsion  fatigue  cracks  occur  in  the  plane 
of  shear  stress,  but  this  is  not  generally  observed  in  testa. 


Th«  theor7  irepoacd  In  thla  papar  doea  not  dapand  on  tha  waar  or 
friotion  davalopad,  but  rathar  on  tha  unbondlng  of  atoaa  at  a  tr—  aurfaea* 
aa  idaaeribad  In  Part  1.  Tha  praaanea  of  alip  at  atraaaaa  balov  tha  andur- 
anea  limit  la  axplalnad  by  tha  Idaa  that  unbondlng  doaa  oeeur  balow  thla 
limit,  but  that  tha  gradual  narrowing  of  the  atreaa-atrain  loop  avantually 
atopa  crack  growth  completaly. 

Sxparlmantal  avldanca  to  aupport  thla  thaory  may  be  found  seattarad 

through  the  Tolumlnuoua  literature  on  fatigue*  Only  a  few  refereneea  will 

/ 

be  cited  here.  On  page  266  of  Ref*  1,  In  a  paper  by  Teed,  there  appaara 
a  photomlerograph  (from  the  Royal  Aircraft  Satabllahmant)  ahowing  a  fatigue 
crack  on  a  alip  plana*  Major  Taed  atataa.  In  part,  "In  an  alloy  balow  Ita 
raeryatalliaatlon  tmnperatura,  it  haa  long  baan  aatabllahad  that  a  crack 

engandarad  by  eyello  atraaaaa  -  arlaaa  and  apreada  along  a  alip  plana, 

—  Tha  apraad  of  tha  crack  aeroaa  the  Intereryatalllna  boundary  la  aome- 
what,  though  not  greatly,  alowad  down  by  it*  The  craok  then  usually  oon> 
tlnuaa  to  develop  along  a  alip  plana  in  a  suitably  orient ad  adjacent  cryatal 

- The  original  crack  generally  atarta  in  tha  plana  of  BHudmum  raaolrad 

ahaar  atraaa  which  happens  to  be  approximately  parallel  to  one  of  tha  axes 
of  tha  crystal  In  which  It  occurs."  Major  Taad  also  makes  a  number  of  other 
Interesting  observations  which  appear  to  be  In  line  with  tha  present  thaory* 
On  page  dO  of  Ref*  1,  Paterson  also  shows  photomicrographs  of  fatigue  cracks 
(fraa  Hull)  which  prograsa  across  tha  crystals  In  a  sig-sag  manner* 

Tha  possibility  of  change  of  direction  of  tha  crack  from  crystal  to 
crystal  a^qplains  one  of  tha  pussling  features  originally  anoountarad  in 
making  a  working  modal  of  crack  formation  by  cutting  an  array  of  "atoms"  on 
a  45  dagraa  line  and  sliding  tha  two  halvas  of  tha  paper  back  and  forth 
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(••e  Pig*  2).  Tha  eraek*  of  eourta,  remained  on  the  45  degree  planer  %(hlle 
actual  fatigue  eraoks  appeared  to  font  at  90  degreee  to  the  direction  of 
axial  loading.  It  would  appear  that  although  the  general  direction  of  the 

crack  le  nomal  to  the  applied  tensile  etrese,  the  actual  crack  progreaMC 

< 

In  the  ilg-aag  manner  described  above. 

Another  apparent  obstacle  waA  encountered  in  applying  the  theory  to 
torsion  of  a  round  bar.  On  the  basis  of  slip  alone,  one  would  expect  the 
crack  to  form  along  the  plane  of  maximum  shear  stress,  nonaal  to  or  parallel 
to  the  axis.  But  under  alternating  slip  in  this  plane  no  atoms  could  become 
unbonded  by  slipping  out  into  the  open  air.  There  would  also  be  no  tendency 
to  pull  the  atoms  apart.  let  it  Is  knovm  that  fatigue  does  occur  In  torsion. 
The  answer  Is  found  by  exasdnlng  a  torsion  fatigue  crack.  The  crack  usually 
forms  not  along  the  plane  of  maximum  shear  stress,  but  normal  to  the  plane 
of  maximum  tension  stress,  45  degrees  away.  (See  Fig.  5*  p.  77,  Ref.  1.) 

This  tension  stress  causes  a  shearing  stress  (In  another  plane)  which  could 
force  atomi  to  slip  out  along  the  surface  and  thus  become  unbonded.  There 
would  also  be  a  tensile  etress  tending  to  prcxsote  unbonding. 

The  fact  that  torsion  fatigue  cracks  do  form  in  this  manner  Is  In  agree¬ 
ment  with  the  proposed  theory  and  seems  to  strengthen  the  hypothesis  that 
there  must  be  a  fkwie  surface.  Occasionally,  however,  torelon  fatigue  cracks 
are  observed  to  form  in  the  plane  of  maxlmm  shear  stress.  This  could  occur 
in  accordance  with  the  proposed  theory  only  If  there  were  an  opening  in  the 
Mtal  Into  vdiloh  the  material  could  slide.  Oir.  George  Slneu  has  Informed 
the  author  that  there  la  some  experimental  evldanoe  to  this  effect.) 

The  fatigue  behavior  of  metals  under  combined  loadings  (such  as  bending 
and  torsion)  has  been  reported  In  various  papers.  If  the  reversed  slip 
theory  Is  applied  to  such  eases.  It  would  be  esqMCted  that  the  fatigue 
strength  would  be  a  function  of  the  maximum  shear  stress,  provided  that  this 
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8tr«88  produced  8lip  toward  a  free  eurfaee.  For  eituatlono  in  which  the 
ahear  atreaa  effect 8  must  be  averaged  (integrated)  in  order  to  determine 
the  overall  etreaa-etrain  loop  it  would  oeem  likely  that  the  Batdorf- 
Budianeky  theory  (Ref.  19)  would  apply.  The  octahedral  ahear  etreaa 
(ahear-atrain-energy  theory)  may  alao  be  regarded  aa  a  method  of  averaging 
and  ahould  be  applicable  in  auch  caaea.  In  Ref.  1,  p.  1.  Genaamer  atatea 
that,  for  fatigue,  "the  effects  of  ccuablned  atreaaea.  for  ductile  alloya. 
are  adequately  described  by  the  shear-atrain-energy  hypotheaia". 

Mr.  George  Sines  recently  gave  the  author  a  short  auanary  of  a  study 
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he  has  made  on  fatigue  under  combined  loadings.  Hia  concluaiona  seemed  to 
be  in  general  agreement  with  the  above  reasoning.  He  alao  brought  out  an 
important  point  which  must  be. considered  in  analyses  of  this  type.  If  one 
of  the  loadings  (such  as  bending)  remains  constant  while  the  other  (such  as 
torsion)  is  cyclic,  the  planes  of  maximum  shear  stress  will  not  reeuiin 
stationary*  It  would  appear  that  the  growth  of  the  crack  might  be  influenced 
by  this.  Methods  which  have  been  proved  satisfactory  for  combined  loadings 
which  are  l^ri  Phase  (such  as  the  interaction  curve  method.  Ref.  P*  435)* 
may  not  be  correct  for  loadings  idiioh  are  out  of  phase. 

A  point  of  special  Interest  is  the  conclusion  that,  according  to  the 
proposed  theory,  fatigue  could  not  ooour  in  a  truly  elastic  specimen.  Again 
quoting  Teed.  fFom  p.  259  of  Ref.  It  "Brittle  crystals  such  as  quarts  are 
in  no  degree  subject  to  such  a  type  of  fatigue" •  This  situation  presents  a 
dilsmma  to  the  metallurgist,  in  that  fatigue  could  apparently  be  prevented 
by  using  "hard"  materials,  but  the  very  thing  that  would  eliminate  fatigue 
(absence  of  slip)  would  also  cause  brittle  fFaoture.  This  paradoxical 

*  4 

situation  is  realised  in  ceramics,  which  are  actually  very  strong  (alxadnum 


oxLd*  hare  d«v«lop«d  eonq^raasiv*  sirassat  of  prer  300,000  pal),  but 

which  ifftppittr  to  hava  low  tanaila  atrangth  baeauaa  tlilfra  la  no  alip  bgr  whioh 
atraaa*itiot«nombration  affaeta  ara  alleviatad* 

Out! of  tha  laportant  praailaaa  of  tha  propoaad  theorjr  la  that  allp, 
having  it^«»eeurrad  flrat  In  one  dlraotlm  on  a  eartaln  slip  plana,  will  ooeur 
again  in  the  ravaraa  diraetlon  and  on  tha  aaaa  plana,  upon  rararaal  of  tha 
load,  (ullhla  may  aeeo  to  conflict  with  eonvantlonal  Idaaa  of  "otrain-hardanln^, 
aa  aomiUtiaes  used  to  explain  fatlgna  and  '^ther  phenomena.  But  tha  Baueohlngar 
affect |U)(lo%Miring  of  the  inalaatie  portion  of  the  strass^atrain  diagram  on 
raver Biimoadlng}  sea  Ref.  4,  pp.  409  and  410)  would  aeam  to  Indicate  that 
reTaraiR  iLdlp  does  occur  and  that  the  shear  atreaa  required  to  rararaa  tha 
slip  IK  ises  than  that  required  to  produce  it  the  first  time. 

Ailnlsdble  fatigue  crack  will  appear  to  be  eoneaiitratad  on  a  particular 
slip  plnuna,  even  though  there  is  avldenca  of  slip  on  many  adjacent  planes. 

This  wlMdL  indicate  that  minute  "cracks”  (unbondlng)  tend  to  fora  at  flrat 
on  mapriLip  planes,  but  the  ones  which  fora  most  rapidly  offer  lass  resis¬ 
tance  It  o<  slip  and  tha  action,  thus  tends  to  concentrate  on  fewer  and  fewer 
slip  llis^vs  aa  the  cracks  deepen.  Craig  (Ref.  9)  statesi  "Failure  often 
beglnilii  in  more  than  one  crystal  at  a  time  and  at  more  than  one  place  In  a 
singlitti  trjrstal  or  grain” .  He  also  suggests  that  several  mlcrosoople  cracks 

may  j<|iuji  auid  thus  produce  failure  at  a  more  rapid  rate. 

■  ^ 

1i<ai  Kurersed  slip  theory  seems  to  throw  suae  lifRb  on  the  relationship 
betweti  n  fatigue  strength  and  Ultimate  tensile  stress.-^  As  previously  noted, 
a  hi^ifW  ultimate  tensile  stress  (in  a  given  base  material)  Is  usually 
obtaiytmd  lajr  reducing  the  degree  of  slip  through  alloying,  heat  treatment, 
coldH^fiork^S,  etc.  Since  It  Is  assumed  that  the  rate  of  crack  growth  depends 


on  the  dogroo  of  slip,  a  roduetlon  in  slip  should  Inersass  ths  fatlgus  Ilfs* 
This  would  sacplain  ths  tendsney  for  ths  fatigus  strength  to  be  roughly  pro¬ 
portional  to  the  ultlnats  tensile  strength,  when  eonparisons  are  mads  be¬ 
tween  different  base  materials  or  alloys* 

But  it  was  shown  in  Part  5  that  the  slip  which  controls  eraok  growth 
at  the  root  of  a  notch  is  governed  by  the  overall  slip  in  the  speeiaen  and 
is  sniltiplied  by  a  strain-eonoentration  factor  which  depends  on  the  shape 
and  size  of  the  notch*  The  alleviation  of  the  notoh-effeet  by  inelastic 
behavior  of  the  material  must  result  froa  slip  whleh  occurs  over  a  larger 
area,  not  that  which  occurs  Just  at  the  base  of  the  notoh*  The  alleviating 
slip  will  also  tend  to  be  lower  in  magnitude  than  the  eraok-fomlng  slip* 
Hence  it  is  quite  possible  that  an  improvement  in  static  strength,  repre¬ 
sented  by  a  raising  of  the  knee  of  the  stress-strain  diagram,  might  reduce 
the  alleviating  slip  more  than  it  reduces  the  crack-forming  slip* 

It  would  appear  from  this  line  of  reasoning  that  the  ratio  between 
yield  stress  and  ultimate  tensile  stress  would  have  an  important  bearing 
on  the  fatigue  strength*  In  a  material  with  a  low  ratio  (say  two-thirds) 
the  alleviating  slip  would  be  higher  (in  proportion  to  the  crack-forming 
slip)  than  that  for  a  material  having  a  high  ratio  of  yield  stress  to  \ilti- 
mate  stress*  This  effect  is  known  to  exist,  especially  in  the  precipitation- 
hardening  alloys  (such  as  75ST  aluminrioi)*  Thus,  it  may  be  possible  to  pre¬ 
dict,  from  the  shape  of  the  entire  stress-strain  diagram,  how  the  fatigue 
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strength  will  be  affected  by  a  certain  metallurgical  treatment  or  mechanical 
process*  (See  also  the  discussion  in  Part  4  in  which  it  is  suggested  that 
the  true  stress  at  ultimate  load  mi^t  be  a  logical  basis  for  comparisons 
involving  both  fatigue  and  static  strength*) 


The  seme  line  of  reasoning  ml^t  also  be  applied.  In  a  more  detailed 
manner,  to  the  effects  of  alloying  and  heat-treatment  on  the  behavior  of 
Individual  erj^tals.  In  comparison  with  the  overall  effects  on  the  aggregate. 
For  example,  a  process  which  would  increase  the  resistance  of  the  Individual 
crystal  to  slip,  but  vdilch  would  provide  considerable  overall  slip  (ductility) 
might  have  a  favorable  effect  on  fatigue.  The  effects  of  cryst^  size  and 
grain  boundaries  could  also  be  analyzed  In  this  manner. 

Surface  treatments,  such  as  eold-rolllx\g  or  shot-peenlng,  have  long 
been  employed  to  improve  fatigue  behavior.  They  obviously  help  matters 
producing  a  residual  compressive  stress  In  surface  layers.  When  applied  to 
localized  areas,  such  as  the  root  of  a  notch,  they  tend  to  create  the  de¬ 
sirable  situation  described  above.  In  which  the  slip  at  the  root  is  reduced 
without  appreciably  reducing  the  overall  alleviating  effects  of  slip  in  the 
sxuToundlng  smterlal. 

I 

In  Ref.  6  Poster  stated,  "A  point  that  requires  explanation  Is  the  total 
absence  of  fatigue  failures  In  the  soft  annealed  copper  wire  %dien  subjected 
to  varying  strains  in  the  order  of  twice  the  magnitude  that  wuld  be  necessary 
to  fail  a  standard-size  fatigue  specimen  of  annealed  copper  In  the  number  of 
cycles  imposed".  This  phenosunon  appears  to  be  connected  with  the  fact  that 
the  ratio  of  surface  area  to  cross-sectional  area  increases  rapidly  as  the 
diameter  of  a  wire  approaches  zero.  In  Ref,  7  (p.  295)  the  author  suggested 
that  the  exceptional  tensile  strength  of  very  fine  wires  might  be  explained 
by  the  fact  that  the  number  of  atcmis  that  must  be  unbonded  during  slip  would 
be  greater  than  normal,  relative  to  the  number  which  may  slip  without  un¬ 
bonding.  This  same  effect  would  probably  api^  to  fatigue.  Thus  In  the 
limiting  hypothetical  case  of  a  single  row  of  atoms  the  action  would  of 
necessity  be  purely  elastic  (since  there  would  be  no  slip  planes)  and  there 
could  be  no  fatigue.  It  Is  also  possible  that  the  very  high  cohesive  forces 
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which  must  be  overooM  in  unbonding  would  perait  a  certain  amount  of 
alternating  tnelaetie  strain  to  occur  in  the  bulk  of  the  material,  without 
causing  anjr  crack  formation*  Sudi  effects  would  probably  become  moxT* im¬ 
portant  as  the  diameter  of  the  specimen  is  decreased,  or  as  the  ratio  of 
surface  area  to  cross-sectional  area  is  increased  in  some  other  manner* 

(This  suggests  testing  specimens  having  an  abnormally  high  surface  area.) 

There  appear  to  be  possibilities  of  improving  fatigue  resistance  h7 

the  creation  of  surface  films  or  coatings  of  high  tensile  strength*  For 
example,  in  Ref,  29  Slifkin  and  Kauman  report  that  surface  oxidation  of 
wires  made  from  single  sine  crystals  produced  a  large  increase  in  tensile 
strength*  A  recently  developed  method  of  applying  a  ceramic  coating  to 
"hot  parts"  for  Jet  engines  is  reported  by  Solar  Aircraft  Co.  to  increase 
fatigue  life  (Ceramic  Age,  Aug*  1952,  p*  46)!^ 

A  comparison  of  the  proposed  theory  with  the  Orowan  theory  of  fatigue 
(Ref*  S)  will  reveal  certain  points  of  similarity  and  disagreement.  The 
major  disagreement  concerns  the  meehaniam  of  failure*  Orowan 's  theory  is 
based  on  the  idea  that  cyclic  loading  will  cause  localised  strain*4iardening, 
in  the  sense  that  the  local  stress  in  s(»e  small  plastic  region  will  continue 
to  rise  as  a  result  of  alternating  strain.  If  this  stress  reaches  a  certain 
value,  fracture  is  assximed  to  occur,  thus  staxting  a  crack*  The  existence 
of  an  endurance  limit  is  explained  by  the  fact  that  as  the  stress  rises  in 
the  plastic  region  the  alternating  strain  decreases,  finally  becoming  sero 
before  the  failure  stress  is  reached* 

Br^jh  theories  are  in  agreement  so  far  as  the  general  eji^lanation  of  the 
endurance  limit  is  concerned,  but  on  the  mechanism  of  crack  formation  they 
are  entirely  different*  (See  Supplement  for  further  discussion.) 

*This  could  have  resulted  from  protection  of  the  surface  from  oxidation* 
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Th«  Oi*owan  fatigue  equation  is  developed  first  for  a  constant  coef¬ 
ficient  of  strain-hardening  (slope  of  stress-strain  dlagraajt  vhleh  results 
In  a  slope  of  unity  on  the  log-log  plot  of  the  s-N  dlagraa.  In  order  to 
bring  this  into  agreement  with  observed  data,  the  coefficient  is  modified 
by  arbitrarily  making  it  proportional  to  the  strain  raised  to  some  power. 

This  may  be  ccHapared  to  the  use  of  Eq.  (2)  in  the  present  theoty  and  it 
has  the  same  mathesmtical  results  the  fatigue  curve  now  may  have  a  slope 
oth^r  than  sero  on  the  log-log  plot.  The  method  by  which  the  equation 
provides  for  an  endurance  limit  is  similar  to  that  developed  in  Pari  2, 
based  on  Fig.  9b. 

I 

It  is  worth  noting  that  any  theory  of  fatigue  can  be  made  to  fit  the 
observed  data  by  including  a  term  relating  the  fatigue  life,  R,  to  some 
power  of  the  stress,  such  as  s  .  Ibrthensore,  almost  any  type  of  function 
may  be  used  to  describe  the  rate  of  crack  growth.  For  exmaple,  the  simplest 
possible  equation  for  crack  growth  would  be  a  linear  one.  Eq.  (3)  (Part  2) 
would  then  be  replaced  by 

•  A  s*  N  (30) 

o 

This  woxxld  give  the  fatigue  equation  previously  developed  (Eq.  (4m)  t 


The  use  of  a  linear  equation  of  crack  growth  would  also  result  in  the 
same  methods  fw  treating  stresses  of  varying  amplitude  (for  example.  Miner's 
mithod,  or  Eq.  (16)  of  this  paper,  ip  Part  3)* 
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The  use  of  non-efflne  funotlone  for  ereek  growth,  sueh  ee  Eq»  (5)« 
appears  to  be  necessary  In  order  to  obtain  a  eatlsfaetory  aethod  of 
treating  stresses  of  varying  sapUtuds.  Zt  is  Interesting  to  note  that 
Bq.  (5)  asy  be  thoxight  of  aq  the  derivative  of  Eq.  (3)*  whl^  was  used 

tk.  • 

as  the  basis  for  the  s-N  equation.  Eq.  (3)  ther;ofore  is  related  to  Eq.  (5) 
in  the  manner  of  a  potential. 


I 


The  closest  mathematical  approach  to  the  theory  presented  in  this 
paper  appears  to  have  been  made  hy  Vivian  in  Metallurgla»  Jan.  1952, 

(Ref.  30).  He  states  that  he  Inveetlgated  the  "progressive  propagation 
of  hair-cracks"  and  that  "it  seemed  possible  that  N  could  ba  equated  to 
&  powttr  of  •xponontial  a  oontaining  a  power  of  S  which  aeoountad  for  tha 

r 

manner  in  which  a  rather  flat-lying  part  of  the  841  curve  can  be  found 
at  which  S  can  be  called  a  'safe  stress'  in  many  instances".  Later  he 
stated  "it  seems  to^be  an  attractive  possibility  that,  like  the  hardness 
curve,  the  3-N  curve  is  a  certain  type  of  modification  of  the  true  stress- 
str^  curve,  the  near-elastic  and  elastic  portions  of  >diioh  (modified  by 
some  unknown  factor)  are,  in  reality,  an  interesting  part  of  the  S-N  curve". 

In  view  of  the  fact  that  Vivian  apparently  did  not  have  available  any 
definite  mechanism  of  fatigue  that  would  serve  as  a  connecting  link  between 
the  S-N  diagram  and  the  stress-strain  diagram,  his  intuitive  understanding 
of  the  problem  appears  rather  remarkable  and  is  in  general  agreement  with 
the  theory  proposed  here.* 

There  are  no  doubt  many  other  papers,  at  present  unknown  to  the  author, 
in  which  seme  of  the  ideas  assembled  here  have  been  presented.  The  refer¬ 
ences  cited  will  at  least  show  that  for  a  long  time  we  have  been  very  close 
to  obtaining  a  clear  understanding  of  fatigue  and  that  practically  all  the 


*1}r.  Vivian  has  since  Informed  the  author  that  his  suggestions  were  based  on 
an  earlier  paper,  as  yet  unpublished. 


neetssary  •Ivnanbs  for  a  logical  thoory  haro  boon  gradually  dlscovei^ad. 
through  hundreds  of  thousands  of  earef\tl  ^sts^and  analyses.  ^The  missing 
link  in  this  raat  array  of  ^formation  appears  to  be  the  meolUnifln^f  un* 
bonding  throu^  rerersed  slip.  Wl^  the  aid  of  this  ooneeptf  failure  under 
repeated  loading  can  now  be  placed  on  ^he  same  level,  of  understanding  as 
failure  under  a  single  loading. 

The  equations  employed  or  derived  In  this  p^er  were  Used  primarily 
to  Illustrate  the  above  point.  Many  refinements  and  extensions  are  no 

V 

doubt  possible  and  %dll  follow  In  due  course.  If  the  basic  theory  of  the 
mechanism  of  fatigue  Is  accepted.  It  is  apparent,  however,  that  the  iost 
Immediate  pix>blem  in  fatigue  Is  that  of  ai>plylng.  In  design  and  stress 
analysis,  what  we  already  know.  It  can  also  be  shown  that  extreme  refinement 
In  theories  or  testing  techniques  can  .have  very  little  effect  on  actual  de¬ 
sign,  In  terms  of  weight  saved  or  danger  eliminated.  (These  matters  will 
be  discussed  further  In  a  subsequent  report.) 


PART  7 


Th«  theory  of  fatigue  precented  in  this  paper  suggeete  eoae  nev 
approaehee  In  research  and  development  work|  It  also  indicates  where  present 
research  should  be  amplified  or  reduced.  The  following  Items  will  serve  as 
a  brief  summary  of  the  suggestions  made  in  the  preceding  parts  of  the  paper. 

1.  More  emphasis  should  be  placed  on  exploring  the  phenomenon  of  craok 
growth  by  means  of  the  electron  microscope  and  similar  methods.  The 
hypothesis  of  unbondlng  under  reversed  slip  should  be  tested  experi¬ 
mentally,  so  far  as  possible.  (See  p.  6.) 

2.  The  Influence  of  the  shape  of  ^e  (atatlc)  stress-strain  diagram 
should  be  investigated,  with  a  view  to  establishing  a  relationship 
between  the  Ramberg-Osgood  exponent  for  plastic  strain  and  the 
exponent  for  fatigue.  (See  p.  16.) 

3.  An  attempt  should  be  made  to  determine  a  relationship  between  the 
ultimate  tensile  stress  (or  modulus  of  rupture)  and  the  intercept 
of  the  s-N  diagram  at  N  ■  1/4.  The  true  stress  at  maximum  tensile 
load  (or  bending  moment)  is  suggested  as  an  improved  basis  for  com¬ 
parison.  (See  p.  56.) 

4.  If  the  fatigue  behavior  can  be  correlated  with  the  (static)  stress- 
strain  diagram  (in  items  3  and  4)*  this  relationship  should  be  tested 
by  applying  it  to  various  metals  having  widely  different  oharactei^- 
Istlos.  (Although  a  large  amount  of  fatigue  data  are  available,  it 
is  difficult  to  find  reliable  data  for  the  true  stress-strain  diagram 
of  the  specimens  tested^ ) 
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5*  Emphasis  In  research  shoald  be  shifted  away  from  analysis  of  actual 
failure  (in  the  tension  test)  and  toward  the  analysis  of  factors 
which  detemlne  the  maximum  load  (nominal  ultimate  tensile  stress)* 

(See  p*  56.) 

6.  The  effects  on  crack  growth  of  crystal  size  and  grain  boundaries 
should  be  more  thoroughly  Investigated.  (See  p.  79. ) 

7»  The  effects  of  notches  and  stress-raisers  should  be  analyzed  in  terms 
of  strain.  The  effects  of  inelastic  strain  in  areas  other  than  at 
the  base  of  the  notch  should  be  more  thoroughly  investigated. 

(Relaxation  methods  appear  to  be  most  useful  in  such  analysis. ) 

(See  p.  62. ) 

S.  The  effects  of  mean  stress  should  be  analyzed  in  order  to  determine 

whether  there  is  a  direct  effect  on  the  rate  of  unbondlng.  (See  p.  47* ) 

9*  The  proposed  method  of  determining  a  reduced  stress  for  loadings  of 
variable  amplitude  should  be  further  investigated,  particularly  for 
situations  typical  of  those  found  in  aircraft  structures  (mean  stress 
not  equal  to  zero;  stress-concentration  factor  greater  than  unity; 
stress  spectrum  of  the  type  determined  from  gust  data).  (See  p.  62.) 

10.  The  effects  of  variable  amplitude  on  the  endurance  limit  (or  lower 
portion  of  s-N  diagram)  should  be  explored.  (Until  this  is  done  it 
appears  advisable  to  extrapolate  the  s-N  curve  without  regard  to 

any  apparent  endurance  limit  obtained  in  loading  of  constant  amplitude. ) 
(See  p.  37. ) 

11.  Fatigue  tests  at  elevated  temperature  should  be  conducted  and  analyzed 
to  determine  the  effects  of  rate  of  loading.  (See  p.  69.) 

12.  The  possible  helpful  effects  of  elevated  temperature  on  rebonding 
should  be  investigated.  (See  p.  70.) 


« 


13*  Special  tests  should  be  conducted,  with  a  view  to  deteralning  the 

Influence  of  various  surface  conditions  and  environments  on  the  rate 
of  crack  growth  (examples:  corrosive  media,  non-corrosive  or  protective 
media,  surface  treatments  such  as  shot-peeilng,  tests  of  gold  specimens, 
etc.).  (See  pp.  79«  SO.) 

14.  Additional  fatigue  tests  of  nearly  elastic  (brittle)  materials  should 

be  conducted,  to  verify  the  hypothesis  that  repeated  loading  does  not 
appreciably  reduce  the  allowable  stress.  (See  p.  76.)  ' 

15.  The  helpful  and  unfavorable  effects  of  residual  stresses  (especially 
with  stress-raisers  present)  should  be  more  thorouj^ly  investigated. 

In  particular,  the  helpful  effects  of  static-testing  completed 
structures  to  limit  load  (approx.  2/3  of  ultimate  load)  should  be 
established  and  the  limitations  of  such  procedures  should  be  determined. 
(See  p.  66.) 

16.  Metallurgical  research  (in  fatigue)  should  be  directed  toward  discovery 
of  methods  by  which  large-scale  plasticity  (for  relief  of  strain- 
raisers)  may  be  obtained  without  causing  hl^  localized  slip  (inrhich 

is  the  direct  cause  of  fatigue).  (See  p.  78. ) 

Via  Combined  stresses  should  be  more  thoroughly  investigated  ejq>erimentally 
and  an  attempt  should  be  made  to  apply  the  Batdorf-Budlansky  theory  of 
plasticity  in  the  analysis  of  fatigue.  (See  p.  75*) 

18.  The  fatigue  of  very  fine  wires,  or  members  having  large  relative 
surface  area,  should  be  investigated.  (See  p.  79t ) 

19o  The  use  of  fallure-lndicating-wires  should  be  further  explored  under 
various  conditions  and  practical  methods  of  application  should  be 
developed.  (See  p.  3«) 

*  *  * 

NOTE:  Recommendations  on  design  and  stress  analysis  of  aircraft  structures 
will  be  covered  in  a  separate  RAND  paper,  now  in  preparation. 


P«350 


-87- 


>  REFgREMCaS  ^ 


1,  Murray,  W.M.  (editor),  "Fatigua  and  Fracture  of  Metals",  John  Wiley 

and  Sons,  Ino.,  New  Xo^t  1952 

2,  Battelle  Menorlal  Institute,  "Prevention  of  the  Failure  of  Metals 

Undi!f  Repeated  Stress,"  John  Wiley  and  Sons,  Ino,,  New  Tork^  !^41 

3,  Freudenthal,  A.M .,  "The  Inelastic  Behavior  of  Engineering  Materials 

and  Structures",  John  VJiley  and  Sons,  Inc.,  New  York,  195^ 

4,  Tinoshenko,  S,,  "Strength  of  Materials,"  Part  II,  2nd  Edition, 

D.  Van  Nostrand  Co,,  Inc,,  New  York,  1940 

5,  Bland,  R.B,  and  Sandorf,  Paul  E,,  "The  Control  of  Life? Expectancy 

in  Airplane  Structures",  Aeronautical  Englneerttg' Review,  Vel«  II, 

'  No,  8,  August  1943 

6,  Foster,  Henry,  '"A^ethod  of  Detecting  Incipient  Fatigue  Failure", 

Proceedings  of  rah-^ociety  for  Experimental  Stress  AnalysisF, 

Vol,  4,  No.  2,  1947,  p,  25  -.it 

7,  Shanley,  F,R.,  "Weight-Strength  Analysis  of  Aircraft  Structures", 

McGraw-Hili  Book  Company,  New  York,  1952 

8,  Orowan,  E,,  "Theory  of  the  Fatigue  of  Metals",  Prooeedins*  t>he 

Royal  Society  of  London,  Series  A,  Vol,  171,  1939,  P*  79 

i  a;  •  ' 

9,  Craig,  W.J,,  "An  Electron  Microscope  Study  of  the  Development  of 

Fatigue  Failures",  Pz*eprint  No.  167,  American  Society  for  Testing 
Materials,  1952 

10.  Nadai,  A.,  "Theory  of  Flow  and  Fracture  of  Solids",  McSraw-HiU  Book 

Company,  New  York,  1950 

11.  Hardrath,  H.F.  and  Utley,  E.C.,  "An  Experimental  Investigation  of  the 

Behavior  of  24S-T4  Aluminum  Alloy  Subjected  to  Repeated  Stresses 
‘  of  Constant  and  Varying  Ampllt\ides" ,  N.A.C.A,  Tech,  Note  No,  2798, 
October  1952 

12.  Miner,  M.A.,  "Cumulative  Damage  in  Fatigue",  Journal  of  Applied 

Mechanics,  Vol,  12,  No,  1,  Sept,  1945,  p,  A-159 

13.  de  Forest,  A.V.,  "The  Rate  of  Growth  of  Fatigue  Cracks",  Jovumal 

of  Applied  Mechanics,  Vol,  3,  No.  1,  March  1936,  p.  A-23 

H.  Wilson,  W,M,^_|und  Burke,  J.L.,  "Rate  of  Propagation  of  Fatigue  Cracks 
in  IR-incnby  3/4-inch  Steel  Plates  With  Severe  Geometrical  Stress 
Raisers",  University  of  Illinois  Bulletin,  Vol.  45,  No.  12, 

Sept,  1947 


15.  liamberg,  W.  and  Oagood,  V/,R,,  "Description  of  Stress-Strain  Curves 

by  Three  Parameters",  N.A.C.A.' Techf.  Note  I  o,  902,  July  1943 

16«  Danger,  D.F.,  "Fatigue  Failure  From  Stress  Cyclev  of  Varj^ng 

Amplitudes",  Journal  of  Applied  Meehanlos.  Vol.  4,  No.  4,  December 
1937,  p.  A-160  ,  .  ^  ^  . 

4 

17.  Shanley,  P.R,,  "Basle  Structures",  John  Vlley  and* Sons,  New  York,  1944 

16,  Cllnedinst,  V.O.,  "Fatl^e  Life  of  Tapered  Roller  Bearings",  Journal 

of  Applied  Mechanics,'  Vol,  4»  No.  4,  December  1937»  p*- A-143 

19,  Batdorf,  S.  and  Budlansky,  B., "A  Mathematical  Theory  oS  Plasticity  Based 

on  the  Concept  of  Slip",  N.A.C.A.  Tech,  Note  No.  1556,  April  1946 

20,  Grover,  H.J.,  Bishop,  S.K.,  and  Jackson,  L.R.,  "Axial  Lpad  Fatigue 

Tests  on  Unnotched  Sheet  Specimens  of  24S-T3  and  75S-T6  Aluminum 
Alloys  and  of  SAS  4130  Steel",  N.A.C.A.  Tech.  Note  No.  2324, 

March  1951. 

21,  Grover,  H.J.,  Bishop,  S.M.,  and  Jackson,  L.R.,  "Axial-Load  Fatigue  ^ 

Tests  on  Notched  Sheet  Specimens  of  24S-T3  and  75S-T6  Alu^jium  ^ 
Alloys  and  of  SAE  4130  Steel  with  Stress-Concentration  Factors 
of  2.0  and  4.0",  N.A.C.A.  Tech.  Note  No.  2339,  June  1951 

22,  Hartmann,  E.C.,  "Fatigue  Test  Results  -  Their  Use  in  Design  Calculations" 

Product  Engineering,  Vol,  12,  No,  2,  Feb.  1941,  p.  74 

23,  Hill,  R,,  "The  Mathematical  Theory  of  Plasticity",  Oxford  University 

Press,  1950 

24»  Neuber,  Heinz,  "Theory  of  Notch  Stressest  Principles  for  Exact  Strp^e^ 
Calculation",  J.W.  Edwards,  Ann  Arbor,  Mich.,  1946 

25.  Kuhn  Paul,  and  Hardrath,  Herbert,  "An  Engineering  Method  forVEstimatlng 

Notch-Size  Effect  in  Fatigue  Tests  on  Steel",  N.A.C.A.  Tech.  Note 
No.  2605,  Oct.  1952 

26.  Rosenthal,  D.  and  Sines,  Q.,  "Effect  of  Residual  Stress  on  the  Fatigue 

Strength  of  Notched  Specimens",  Proceeding's  of  the  A.S.T«K.,  Vol.  51* 
1951,  p.  593 

27.  Grover,  H.J.,  Bishop,  S.M.,  and  Jackson,  L.R.,  "Axial  Load  Fatigue 

Tests  on  Notched  Sheet  Specimens  of  24S-T3  and  75S~T6  Aluminum 
Alloys  and  of  SAE  4130  Steel  with  Stress-Concentration  Factor  of 
5.0'»,  N.A.C.A.  Tech,  Note  No.  2390,  June  1951 

26.  Grover,  H.J.,  Hyler,  V.S.,  and  Jaokaon,  L.R,,  "Axial  Lead  Fatigue 
Tests  on  Notched  Sheet  Speetmene  of  24S-T3  and  75S-T6  Aluminum 
Alloys  and  of  SAE  4130  Steel  with  Strese-Conoentratlon  Factor  of 
1.5",  N.A.C.A.  Tech.  Note  No.  2639,  Feb.  1952 

29.  Sllfkin,  and  Kauzman,  V'.,  "Creep  of  Zinc  Single 'Crystals" ,  Journal 

of  Applied  Physics,  Vol.  23,  No,  7,  July  1952  ,  p.  751-752 

30.  Vivian,  A  j;.,  "A  New  Version  of  ’Strength  of  Materials'"#  Metallurgla, 

JV.  1952,  p.  34 

\ 


■  ^  '•  ■  '- 


-  -^  ■  ■  ■  .  t'. 


'^1  .  '  arini,  /..,  "The  Flow  6^  under  V.iriai5  Stress  Conoit ions’’ , 

I  rpcee  linps  of  th'i  InsUtute  of  Xech-Tnical  -:nRineer5  (^o’-rl(^n) , 
/'pplieci  .oolianica,  Vo'..  157»  1947|  p.  121.' 

i  -  *  . 


